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Abstract 

We prove the Feigenbaum-Coullet-Tresser conjecture on the hyperbolicity 
of the renormalization transformation of bounded type. This gives the first 
computer-free proof of the original Feigenbaum observation of the universal 
parameter scaling laws. We use the Hyperbolicity Theorem to prove Milnor's 
conjectures on self-similarity and "hairiness" of the Mandelbrot set near the 
corresponding parameter values. We also conclude that the set of real infinitely 
renormalizable quadratics of type bounded by some N > 1 has Hausdorff 
dimension strictly between and 1. In the course of getting these results we 
supply the space of quadratic-like germs with a complex analytic structure and 
demonstrate that the hybrid classes form a complex codimension-one foliation 
of the connectedness locus. 
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1. Introduction 

1.1. The universality phenomenon. In the 1970's Feigenbaum and inde- 
pendently Coullet and Tresser discovered a "universal scaling law" of transition 
from regular to chaotic dynamics through cascades of doubling bifurcations (see 
Figure 1). The meaning of this discovery is that the geometry of the bifur- 
cation loci in generic one-parameter families of certain dynamical systems is 
independent of the specific family. The importance of this discovery for dy- 
namical systems theory and physical applications (fluid dynamics, statistical 
physics etc.) was realised shortly. 

To explain the universality phenomenon, the authors introduced a renor- 
malization transformation R in an appropriate space of dynamical systems, 
and conjectured that this transformation had a unique fixed point /*, and that 
this point was hyperbolic, with one-dimensional unstable manifold [Fl], [F2], 
[CT], [TC]. Originally stated only for the period-doubling case, this conjecture 
was later extended to a wider class of combinatorics of "bounded type," real 
as well as complex ones; see [DGP], [GSK]. In this paper we will prove this 
conjecture for the renormalization operator of real bounded type acting in the 
space of quadratic-like germs. 




Figure 1. Cascade of doubling bifurcations. 
This picture became symbolic for one-dimensional dynamics. 
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1.2. Statement of the results. The concepts used below (quadratic- like 
maps, hybrid classes, renormalization, Mandelbrot copies, combinatorial type) 
are basic in holomorphic dynamics and will be precisely defined in Section 3. In 
the next section, Section 4, we will supply the space QQ of quadratic-like germs 
(considered up to rescaling) with topology and complex analytic structure. 

Let Mo stand for the Mandelbrot set, and J\f stand for the full family of 
Mandelbrot copies M C Mq different from Mq itself. To each M G M corre- 
sponds the renormalization operator Rm '■ Tm — ► QQ defined on the "renor- 
malization strip" Tm C QQ. This operator admits an analytic continuation to 
a neighborhood of Tm- 

Given a family £ of disjoint Mandelbrot copies, we can consider the cor- 
responding piecewise defined renormalization operator 

(l.i) Rc - (J r M - QQ- 

If £ is a finite family then Rc is called a renormalization operator of bounded 
type. 

By a "real" quadratic-like map we mean a quadratic-like map preserving 
the real line. By a "real" Mandelbrot copy M € J\f we mean a Mandelbrot 
copy centered on the real line. If the family C consists of real Mandelbrot 
copies then one says that the operator Rc has real combinatorics. 

Let Erf stand for the space of bi-infinite sequences in d symbols, and let 
uj : Srf — > Srf be the shift transformation on this space. 

Hyperbolicity Theorem. If there exists a renormalization operator 
R = Rc of real bounded type defined on the union of d renormalization strips, 
then there is a compact R-invariant set A (the " renormalization horseshoe") 
with the following properties: 

• The restriction R\A is topologically conjugate to w|Erf and is uniformly 
hyperbolic; 

• Any stable leafW s (f), f £ A, coincides with the hybrid class of f and 
has codimension 1; 

• Any unstable leafW u (f) is an analytic curve which transversally passes 
through all real hybrid classes except the cusp one ( corresponding to c = 
1/4). 

Remark. "Stable/unstable" leaves above mean the connected components 
containing / of the sets of point whose forward/backward orbits are exponen- 
tially asymptotic to the corresponding orbit of /. 
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By a Feigenbaum quadratic P c : z i— ► z 2 + c (or a Feigenbaum parameter 
value) we will mean an infinitely renormalizable map (or the corresponding 
parameter value) of bounded type. The following result was conjectured by 
Milnor [M]: 

Hairiness Theorem. Let c e [-2,1/4] be a real Feigenbaum param- 
eter value. Then the rescalings of the Mandelbrot set near c converge in the 
Hausdorff metric on compact sets to the whole complex plane. 

Everyone who saw computer pictures of the Mandelbrot set realized that it 
was not self-similar: Otherwise wandering around it would not be so fascinat- 
ing. However some self-similar features are still observable. In particular, it was 
conjectured by Milnor that the little Mandelbrot sets around the Feigenbaum 
point of stationary type have asymptotically the same shape ([M, Conjs. 3.1 
and 3.3]). The following result proves some of these conjectures. Here we 
state it in the case of stationary combinatorics, postponing the statement for 
bounded combinatorics until Section 9. 

Self-Similarity Theorem. Let M be a real Mandelbrot copy and a 
: M — ► Mo be the homeomorphism of M onto the whole Mandelbrot set Mq. 
Then a has a unique real fixed point c. Moreover, a is C 1+a -conformal at 
c, with the derivative at c equal to the Feigenbaum universal scaling constant 
A = Am > 1. 

Remark. The Feigenbaum universal constant can actually be defined as 
the above derivative. However, the logic of our discussion makes it more natural 
to introduce it first as the unstable eigenvalue of the renormalization operator 
Rm at its fixed point. 

Any real Feigenbaum parameter value c of stationary type is a limit of 
superattracting points c n of periods p n (where p = p(M)) obtained from the 
center of M by n-fold "tuning" (see Section 5.1 for the definition). The fol- 
lowing theorem gives the first computer independent proof of the Feigenbaum 
parameter scaling law in the quadratic family and the universal nature of this 
law. 

Universality Theorem. LetS = {f^} be a real analytic one-parameter 
family of quadratic-like maps transversally intersecting the hybrid class 7i c at 
/x*. Then for all sufficiently big n, S has a unique intersection point fi n near 
/x* with the hybrid class 7i Cn , and 

\fJ-n ~ M*| ~ a\~ n , 

where A = Am is "universal" i.e., independent of the particular family in 
question. In particular, \c n — c| ~ b\~ n . 
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Given a finite family C of real Mandelbrot copies ("real family"), let 
Ic C [—2, 1/4] stand for the set of infinitely renormalizable parameter values 
of bounded type specified by C, i.e., 

R n P c G |J T M , n = 0, 1, . . . . 

Mec 

One more application of the Hyperbolicity Theorem is the following: 

HD Theorem. For any finite family C containing at least two elements, 
In is a Cantor set with Hausdorff dimension strictly in between and 1. 

Along the lines of our work we also establish the following result: 

QC Theorem. Any primitive Mandelbrot copy M is quasi- conformally 
equivalent to the whole Mandelbrot set Mq. 

(Recall that a set M is said to be nonprimitive, or satellite, if it is attached 
to some hyperbolic component of the Mandelbrot set.) 

1.3. Ingredients of the proofs. The main idea of the proof of the Hyper- 
bolicity Theorem is that for complex analytic transformations, lack of hyper- 
bolicity on an invariant set A (satisfying certain assumptions) can be detected 
topologically. Namely, one can construct a point / € A whose orbit is slowly 
shadowed by another orbit. For the renormalization operator, such a situation 
is ruled out by the Combinatorial Rigidity Theorem [L2]. 

Let us formulate here the above mentioned shadowing theorem in the 
simplest fixed-point case: 

Small Orbits Theorem. Let B D B' be two complex Banach spaces 
such that the ball of B' is pre- compact in B. Let i : B' — ► B stand for the 
natural embedding. Let T : (U,0) — > (£>', 0) be a complex analytic map in a 
neighborhood U C B of 0, R = ioT : (U, 0) — ► (B, 0). Assume that the spectrum 
of DR(0) : B — > B belongs to the closed unit disk and is not empty on the unit 
circle. Then R has "slow small orbits"; that is, for any neighborhood V 3 0, 
there is an orbit {R m f}^ =0 C V, such that 

lim — log||i? m /|| = 0. 
m 

The idea of the proof of the Hairiness Conjecture is to pass to the unstable 
manifold of the renormalization fixed point where the Mandelbrot set becomes 
scaling invariant. Then we show that lack of hairiness would imply existence of 
a nontrivial automorphism of a tower with a priori bounds. But this situation 
is ruled out by the hairiness of the Feigenbaum Julia sets (McMullen [McM2]). 
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A substantial part of our work is to supply the space QQ of quadratic-like 
germs and the space £ of expanding circle maps with complex analytic struc- 
ture and to demonstrate that the hybrid classes form a complex codimension- 
one foliation of the connectedness locus. Then a generalized version of the 
A-lemma yields that this foliation is transversally quasi-conformal, which we 
exploit many times. In particular, this yields the QC Theorem. 

At a Feigenbaum point c we can do better, and show that the foliation 
is transversally C 1+Q -conformal along the hybrid class TL C (this is an expected 
regularity of a codimension-1 stable foliation). This yields the Self-Similarity 
and Universality Theorems. The HD Theorem follows from the hyperbolicity 
of the renormalization operator by a standard distortion argument. 

1.4. Structure of the paper. This paper is organized as follows. In Section 2 
we prove the Small Orbits Theorem. 

In Section 3 we give a revisited account of the Douady-Hubbard theory 
of quadratic- like maps [DH2]. The main novelty of our approach is that the 
relation between quadratic-like and circle maps is given up to affme rather 
than conformal equivalence. This allows us, in particular, to extend the uni- 
formization of C \ Mq to the "vertically holomorphic" uniformization of the 
complement QQ \ C of the connectedness locus. 

In Section 4 we supply the space QQ of quadratic-like germs (up to affme 
equivalence) and the space of expanding circle maps (up to rotation) with 
complex analytic structure (modeled on families of Banach spaces) and demon- 
strate that the Douady-Hubbard hybrid classes form a foliation of the connect- 
edness locus C with complex codimension-one analytic leaves. Moreover, we 
show that C is the topological product of the space £ of expanding circle maps 
by the Mandelbrot set Mq. We derive from this picture certain transversality 
results, and prove the QC Theorem. 

In Section 5 we define the complex renormalization operator, analyti- 
cally extend this operator beyond the renormalization strips, and show that 
it is transversally nonsingular. Then we state three crucial analytic results: 
a priori bounds ([MvS], [S2]), the Tower Rigidity Theorem [McM2], and the 
Combinatorial Rigidity Theorem [L2]. 

In Section 6 we prove the Hyperbolicity Theorem for stationary combi- 
natorics. On the way to this result we give a new proof of the exponential 
convergence to the renormalization fixed point in its hybrid class based on the 
Schwarz Lemma in Banach spaces. 

In Section 7 we prove in the stationary case the Hairiness, Self-Similarity 
and Universality Theorems, and discuss a relation of these results to the MLC 
Conjecture. 

In the next two sections, 8 and 9, we extend the previous results from 
stationary to bounded combinatorics and prove the HD Theorem. 
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In Appendix 1 we collect for the reader's convenience some basic results 
and references on quasi-conformal maps. 

In Appendix 2 we develop a theory of complex structures modeled on 
families of Banach spaces. 

1.5. Complex combinatorics and higher degrees. Complex methods play- 
so crucial a role for our proofs that one can wonder why we need the real 
line at all. Besides physical motivation, there is only one reason for that: a 
key technical result (complex a priori bounds) needed for the construction 
of the renormalization horseshoe A is not yet established for complex maps. 
Conjecturally, a priori bounds exist for all infinitely renormalizable maps with 
bounded combinatorics but they are established only for real maps ([MvS], 
[S2]) and for complex maps with sufficiently high combinatorics [L2]. Once 
the complex a priori bounds are established, our results become valid in the 
purely complex setting. In what follows we will state the results in this setting 
assuming a priori bounds. 

Another natural extension of the Renormalization Conjecture is concerned 
with higher degrees of the maps under consideration at the critical point ( "crit- 
icality"). All the results of this paper are extended in a straightforward way 
from the quadratic-like maps to polynomial-like maps with a single critical 
point of any even degree d. The only noteworthy point is that the Combina- 
torial Rigidity Theorem is still valid for infinitely renormalizable maps of this 
class with bounded combinatorics (see [L2, Remark at the end of §10.1]). 

1.6. Historical notes. Feigenbaum made his first announcement of the Uni- 
versality Phenomenon in 1976. The importance of this discovery was realized 
soon, and there has been a good effort to prove the conjectural renormalization 
picture. Prior to our work, the conjecture was proven (with the help of com- 
puters) in the period-doubling case with quadratic critical point; let us first 
summarize the development in this case. 

The computer-assisted proof in the doubling case was given by Lanford 
[Lai], with one missing ingredient (a transversality issue) filled by Eckmann 
and Wittwer [EW]. The unstable manifold at the corresponding fixed point 
was constructed numerically by Vul, Sinai and Khanin [VSK] . 

Later on, many ingredients of the picture were proven without comput- 
ers. Existence of a renormalization fixed point (a solution of the "Cvitanovic- 
Feigenbaum functional equation") was proven by Epstein [El], [E2]. Existence 
of an unstable eigenvalue was proven by Epstein and Eckmann [EE]. The 
stable manifold was constructed by Sullivan and McMullen (see below). The 
ingredients which still required computers after all that (in the quadratic pe- 
riod doubling case) were the codimension and transversality issues. Thus, even 
in the period-doubling case our paper provides the first complete computer- free 
proof of the Renormalization Conjecture. 
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The importance of complex analytic machinery was realised early, partic- 
ularly by Lanford and Epstein, who searched for renormalization fixed points 
in appropriate analytic functional spaces. In the mid 80's these ideas were 
greatly emphasized and expanded: ideas of holomorphic dynamics and geo- 
metric structures coming from the complex plane (and even 3D hyperbolic 
space) became the main tools in the field. 

The renormalization operator was complexified by Douady and Hubbard 
[DH2]. A program of construction of the renormalization fixed point and its 
stable manifold by means of the Teichmiiller theory was formulated by Sullivan 
in his address to ICM-86 in Berkeley [SI]. This program was carried out a few 
years later (see [MvS], [S2]). A different approach to the problem exploiting 
the idea of geometric limits was given by McMullen [McM2] . 

For a renormalization operator of bounded type, Sullivan and McMullen's 
theory provides us with the renormalization horseshoe A and proves uniform 
exponential contraction in the hybrid classes of / G A. However, existence 
of the unstable eigenvalue was not established even in the stationary period 
tripling case. Nor was it shown that the hybrid classes T~C(f), f £ A, form 
a foliation with codimension-one complex analytic leaves. (In [McM2], [S2] 
the hybrid classes are treated intrinsically without embedding them into an 
ambient complex space.) 

The above development based on complex methods treats the case of the 
quadratic critical point, or more generally, the "analytic" fixed point (i.e., 
having even criticality) . However, the computer experiments suggest that the 
universality phenomenon is valid for any real criticality 5 > 1 as well. (By 
definition, a smooth unimodal map has criticality 5 if it admits a representation 
^(x)!* 5 where is a diffeomorphism.) Important progress in this direction was 
made in the works of Collet, Eckmann, Epstein, Lanford and Martens [CEL], 
[El], [E2], [EE], [Ma]. 

Let us also note that there is a parallel renormalization theory for circle 
dynamics which is also about to be completed (Lanford [La2], de Faria [dF], 
de Faria-de Melo [dFM]). 

For background in "classical renormalization theory" (15 years old) see 
Collet and Eckmann [CE], Cvitanovic [Cv] and Vul-Sinai-Khanin [VSK]. For 
more recent developments see de Melo - van Strien [MvS], McMullen [McMl] 
and the author [L3]. See also Tresser [T] for a lively historical retrospective. 

Let us finally note that the Hairiness Theorem we prove here has a dy- 
namical counterpart (hairiness of the Feigenbaum Julia sets) which was proven 
by McMullen [McM2]. 

1.7. Further development. We have recently proved the Renormalization 
Conjecture for all real combinatorial types [L5]. We conclude that the set of 
real infinitely renormalizable parameter values has zero linear measure, and 
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that almost any real quadratic map P c : x i— > x 2 + c, c £ [—2, 1/4], has either 
an attracting cycle, or an absolutely continuous invariant measure. 

1.8. Notation and definitions. As usual, C is the complex plane; R is the 
real line; N = {0, 1, . . .} is the set of natural numbers; Z is the set of integers; 
D(o, r) = {z : \z — a\ < r} is the open round disk of radius r; 

IB) r = O(0, r), ED = Di; 

T r = <9D r is the circle of radius r, T = Ti; 

A(r,R) = {z : r < \z\ < R}; 

X denotes the closure of a set X; 

U <e V means that U is compactly contained in V; that is, U is compact and 
is contained in V. 

A topological disk means a simply connected domain in C; 

A topological annulus means a doubly connected domain in C. The modulus of 

a topological annulus, modA, is equal to log(R/r), provided A is conformally 

equivalent to a round annulus A(r, R) (where r = or R = oo are allowed). 

The domain of a map / is denoted by Dom(/); 

Quasi-conformal maps will be abbreviated as "qc" ; 

Di\(h) will stand for the dilatation of a qc map h; 

P c {z) = z 2 + c; 

Mq is the Mandelbrot set. 

Given a map / : X — ► X and a point x e X, let orb(x) = {f m x}^ =0 , 
orb n (x) = {f m x} n m =0 ; 

a x 6 means that the ratio a/b stays away from and oo; 
a ~ b means that a/b — > 1. 

We assume the reader is familiar with the basic holomorphic dynamics 
(see e.g., [CG]) and the basic theory of hyperbolic dynamical systems (see e.g., 
[Sh]). 
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2. Slow small orbits 

2.1. The one- dimensional case. In the one-dimensional situation the Small 
Orbit Theorem says that any analytic map R : z i-> e 2md z + bz 2 + . . . near 
the origin has small orbits. This situation is well understood. There are three 
possible cases: 

• The parabolic case when 9 = q/p is rational. In this case R is either of 
finite order, that is, R p = id, or there exist orbits converging to (within 
the attracting petals). 

• The Siegel case when R is conformally equivalent to the rotation z <— > 
e 2nt9 z. In this case all orbits which start sufficiently close to do not 
escape a small neighborhood of 0. 

• The Cremer case (neither of the above). In this case, for all sufficiently 
small e > 0, the connected component K £ of the set 

{z : \R n z\ <e, n = 0,1,...} 

is a continuum intersecting the circle T £ (see Birkhoff [B, p. 95] and 
Perez-Marco [PM]). 

Thus in all three cases there exist small orbits. 

2.2. The size of the basin of attraction. We will consider a slightly more 
general setting than needed for the Small Orbits Theorem which will be suitable 
for further applications to bounded combinatorics. Let us consider a Banach 
space B split into two subspaces: B = E s © E°. 

Let D s = D s (5) and D c = D c (5) stand for the open disks of radius 5 
centered at in E s and E c respectively. Let us consider the bidisk D = 
D{5) = D s (5) x D c (5). Let d c D stand for D s x dD c , and d s D be similar. 

For h G B, let h s and h c denote the horizontal and vertical components 
of h, i.e, the projections of h onto E s and E c respectively. Define the angle 
9(h) € [0,7r/2] (between h and E s ) by the condition: 



t g e{h) = 
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Let Cj = {h £ T fB : h 0, 6(h) > 9} stand for the tangent cone with angle 
7r/2 — 9 about its axis E°. 

Let us also have another Banach space B' compactly embedded into B; 
i.e., there is a linear injection i : B' — > B such that the image of the unit ball 
of B' is relatively compact in B. 

Let us now consider a periodic point situation. Let us have p pairs of 
complex Banach spaces (Bj,B'j) as above, and p maps Tj : (Uj,0) — > (B'j +1 ,0) 
defined in some neighborhoods Uj C Bj of the origin = 0j (where the index 
j is considered modp). We will naturally label all the above objects with the 
subscript j: Eij, Dj(5), ij etc. Let B = UBj, U = UUj, D = UDj etc., and 
T : UlA — > B' be the operator acting as Tj on Uj. Let 

R = ioT :U -> B, R\Uj = o Tj. 

Lemma 2.1 (Basin of attraction). Given the spaces and operators as 
above, assume that T : B — > B' is complex analytic and i : B' —>■ B is compact. 
Assume that the decomposition B = E s © E c is invariant with respect to the 
differential Di?(0), DR p (0) \ E s / 0, and moreover the following properties are 
satisfied: 

HO. The origin is attracting: specDi? p (0) C ED. 

HI. Horizontal contraction: Rf d s D for f € D and 

\\(DR f h) s \\ < q\\h\\ provided f £ D, Rf € D. 

H2. Invariant cone field: There exists a 9 £ (0,7r/2) such that the tangent 
cone field C® over D is R-invariant: 

(DRf) C) C C e Rf provided f € D, Rf € D. 

Then there is a point f G d c D such that orb(/) C D and ||i? m /|| — > 0. 

Remark. Note that there are no assumptions relating the spectrum of 
DR p (0) and the size of the bidisks Dj. 

Proof. By assumption HO, the origins 0j £ Bj form an attracting cycle O 
of period p. Let us consider its basin of attraction in D: 

A = {f:R n f£D, n = 0,l,... and ||i? n /|| -> as n -> oo}. 

Clearly A is forward invariant. We want to show that A intersects the hori- 
zontal boundary d c D. Assume this is not the case. 

Let A° = A(~)D. Then A° is forward invariant (indeed, if / £ A° then 
Rf d c D by the assumption, and Rf d s D by the assumption HI). It 
follows that A° is open. 
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Let d c A denote the part of the boundary of A which does not belong to 
d s D. Then 

(2.1) R{d c A) c d c A. 

Otherwise there would be a point / G d c A such that Rf G A° and hence 
/ G A. As A° is open, / can belong simultaneously to A and dA only if 
/ G 3D contradicting the assumptions. 

We are going to show that the assumptions H0-H2 contradict (2.1). Since 
all these properties are inherited by the iterates, at this point we can replace 
R with RP and assume without loss of generality that p = 1. 

Note first that by the invariant cone field assumption H2, the linear op- 
erator T)R(0)\E c does not have in its spectrum. Since it is compact, E c is 
finite dimensional, dim£' c = d. 

Let us now consider a family Q of immersed analytic manifolds ijj : (Q, 0) — > 
(r, 0), where = C C d and T = T^ C A°, with the following properties: 

Al. The tangent spaces TfT = DT Z Q, where / = ip(z), belong to the cones Cj. 

A2. The manifolds are properly immersed into A°. This means that if a 
curve j(t) C ft, < t < oo, tends to oo in Q as t — > oo (i.e., it eventually 
escapes any compact subset of ft), then ip(j(t)) tends to d c A. 

Remarks. 1. The family Q is nonempty: just let V be the connected 
component of the vertical slice D c n A° of the attracting basin. 

2. By Property Al, the projection P : V —> D c of any T G ^ onto the 
vertical subspace is nonsingular. Moreover, for any tangent vector v G T^T, 
H-P^H x ||f||. 

3. Property Al also implies that there is an e > such that any irreducible 
component r(e) of (D s x D c (e))nT containing is a graph of an analytic map 
<p : D c (e) D s . 

Let us supply the manifolds r G Q with the Kobayashi metrics. Recall 
that the Kobayashi norm of a tangent vector v G TfT is defined as 

\\v\\r = inf lliollp, 

7 

where ||w||p stands for the Poincare norm of a vector w G ToD, and the infimum 
is taken over all holomorphic curves 7 : (D, w) — > (T, f ) (where by definition 
such a curve is factored via the parametrization tp : 0, — > T). The Kobayashi 
metric is invariant under holomorphic coverings and increases under shrinking 
the manifold. 

Remark. A covering map between immersed manifolds is naturally defined 
using the parametrizations. A holomorphic covering of finite degree can be 
defined as a proper nonsingular holomorphic map. 
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It follows that for a tangent vector v G Tor, T £ Q, the Kobayashi norm 
is uniformly subordinate to the Banach one: 

(2.2) ||u|| r < C\\v\\, 
where the constant C is independent of v. Indeed 

IMIr < ||f ||r( e ) = \\ Pv \\dc(e)- 
On the other hand, by Remark 2 above, 

\\v\\ X ||Pu|| X ||Pu|| D c( e ). 

Let us now consider a manifold transformation P* : ^ r^ »/>- By the 
invariant cone field assumption H2 and (2.1), Rotp : 0,^ — ► A° is an immersion 
satisfying properties Al, A2. Hence P* transforms Q into itself. Moreover, 
the map P : T — ► Pr is proper and nonsingular, and hence is a holomorphic 
covering of finite degree. 

Since the Kobayashi metric is invariant under holomorphic coverings, for 
any tangent vector v = Dipo(w) G Tor we have: 

||DP n (t>)|| R n r = || W || r . 

On the other hand, since is an attracting point, 

||DP n (w)|| ^ as n^oo. 
These last two estimates contradict (2.2). □ 

2.3. Proof of the Small Orbits Theorem. We are now ready to prove the 
Small Orbits Theorem stated in the introduction. The argument below exploits 
Perez-Marco's perturbation idea [PM]. 

Let E s stand for the spectral subspace of P corresponding to the part 
of specP inside the unit disk ED, and let E c correspond to the part on the 
unit circle T. After we replace P by its iterate (or after adaptation of the 
Banach norm), P becomes horizontally contracting and cone field preserving 
on a sufficiently small bi-disk D = D(8). 

For A G (0,1), let us consider the perturbation R\ = AP which makes 
the origin attracting. This operator is more strongly horizontally contract- 
ing than P and preserves the same cone field. Thus it satisfies assump- 
tions H0-H2 of Lemma 2.1. Hence there is a point f\ G d c D n A\, where 
A\ = {/ : R™f G D, m = 0, 1, . . . , \\Rff\\ -► 0} is the basin of 0. 

Since the set {Pa /a} is pre-compact in B, there is a convergent subse- 
quence R\„f\ n -»■ g as A n -> 1. Clearly g m = R m g G D, m = 0, 1, . . . . More- 
over, for 5 sufficiently small, ||<? c || > ||g s ||, since Pa contracts more strongly in 
the P s -direction than in the P c -one. Since E c is the neutral direction, 

(2.3) ll<4 + ill = IKJKi + o(ll<4ID), 
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provided 

(2.4) n<a < n<4ii- 

But (2.4) is inductively satisfied for all m, so that (2.3) is satisfied for all m as 
well. This implies that the g m may not exponentially converge to 0. □ 

Remark. The Small Orbits Theorem is still true if R is allowed to have 
spectrum outside the unit disk. 



3. External maps and hybrid classes 

3.1 Quadratic-like maps and germs. The following fundamental notion was 
introduced by Douady and Hubbard [DH2]. A quadratic-like map f : U — > U' 
is a holomorphic double branched covering (i.e., a proper map of degree 2) 
between topological disks U, U' such that U <^U' . It has a single critical point 
which is assumed to be located at the origin 0, unless otherwise stated. Note 
that the restriction of a quadratic polynomial P c on a disk D r of a sufficiently 
big radius r is a quadratic-like map. 

The filled Julia set of a quadratic-like map is defined as the set of nonescap- 
ing points: 

K(f) = {z: pzeU, n = 0,l...}. 

Its boundary is called the Julia set, J(f) = dK(f). The Julia set J(f) (and 
also K(f)) is connected if and only if the critical point itself is nonescaping: 
G K(f). Otherwise it is a Cantor set. 

Any quadratic-like map has two fixed points, a and j3 (counted with mul- 
tiplicity). In the case of connected Julia sets these points can be distinguished. 
Namely, if these points are different then (5 is a nondividing repelling point (i.e., 
its removal does not disconnect the Julia set), while a is either non-repelling, 
or dividing. 

In what follows we will also assume (without loss of generality) that the 
domains U and U' of a quadratic-like map / are bounded by smooth Jordan 
curves. The topological annulus A = U' \ U is called the fundamental annu- 
lus of /. Let us foliate the fundamental annulus by topological circles with 
winding number 1 around the origin (e.g., using the Riemann mapping onto 
a round annulus). This foliation can be pulled back by dynamics providing a 
foliation $ with singularities on U' \ K(f). Moreover, if K(f) is connected, 
then $ is nonsingular. Otherwise, the outermost singular leaf is a figure eight 
passing through the critical point 0. The leaves of this foliation will be called 
equipotentials. 
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We will consider quadratic-like maps up to affine conjugacy (rescaling), 
so that near the origin they can be normalized as / : z c + z 2 + . . . . Let 
QAi stand for the set of normalized quadratic-like maps. 

Two analytic maps / and g defined near represent the same germ at if 
they coincide in some neighborhood of 0. Let Qo stand for the space of germs 
at the origin. By taking all possible analytic continuations, a germ f G Qo 
can be equivalently viewed as a full analytic function f : Sf — > C defined on a 
Riemann surface Sf covering C (in general, nonevenly). 

Let us now define quadratic-like germs. To this end consider the following 
relation on the space QM: f ~ / if the maps / and / have a common 
quadraticdike restriction. The following result gives a useful criterion for two 
maps to be in this relation: 

Proposition 3.1 ([McMl, §5.4]). Consider two quadratic-like maps f 
: U — ► V and f : U — ► U' representing the same germ at 0. Let W be 
the component of U C\U containing 0. Then f ~ / if and only if fW 3 0. 
Moreover, in this case the restriction g = f\W is a quadratic-like map, and 
K{f) = K(g)=K{f). 

This lemma yields: 
. If / ~ g then K(f) = K (g). 

• For the maps with connected Julia sets, the above relation is an equiva- 
lence relation. 

In general, let us consider the equivalence relation generated by ~. Classes of 
this equivalence relation are called quadratic- like germs. Thus two quadratic- 
like maps / and / represent the same quadratic-like germ [/] = [/] if there is a 
string of quadratic- like maps f = fo, f2, ■ ■ ■ , In = f such that fk and fk have 
a common quadratic-like restriction. 

Let QQ stand for the space of quadratic-like germs. There is a natural 
map j : QQ — > Qo- If g = j(f), one can say that g is marked. Note that 
there exists at most one marking with connected Julia set [McM2, Lemma 
7.1]. Also, any quadratic polynomial P c has a unique marking since any two 
quadratic-like restrictions U — > V and V — > V have a "common minorant" 
KD r -> P c (D r ) (such that D r D UUV). Thus the quadratic family P c , c £ C, is 
naturally embedded into QQ. 

Furthermore, two markings with "close almost connected" Julia sets must 
coincide. More precisely, let us consider two quadratic-like maps / : V — > V 
and f : V V' with the same germ at whose Julia sets stay Hausdorff 
distance at most e apart. Let Q e (J(f)) denote the filled closure of the e- 
neighborhood of J(f) (where "filling" means adding bounded components of 
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the complement). Assume that £ (J(/)) is connected and 

(3.i) {o, /(o)} c n e (J(f)) c n 3£ (j(f)) c v", 

and the same holds for /. Then / ~ /. (Indeed, Q £ (J(f)) U Sl e (J(/)) is a 
connected set contained in V n V" and containing {0, /(0)}.) 

Quadratic-like germs will be considered up to affine conjugacy. We will 
adopt the following notational and terminological conventions (except for spe- 
cial situations when they may lead to confusion) . The germ of a quadratic- like 
map / will still be denoted by /. However, sometimes the notation fy will be 
used for the quadratic- like representative /y : F — ► of a germ /. The germ 
of a polynomial will still be called "polynomial." 

Given a quadratic-like germ /, let 

mod(/) = supmod([/' \ U), 

where the supremum is taken over all quadratic- like representatives / : U — > U' 
of the germ. Note that mod(/) = oo if and only if / is a polynomial. 

Let C be the connectedness locus of QQ, that is, the subset of quadratic- 
like germs with connected Julia set. Let QG^ stand for the set of quadratic- like 
germs which have representatives satisfying (3.1). 

3.2. External maps. Let g : T — ► T be a degree two real analytic endo- 
morphism of the unit circle T. It can also be viewed as a complex analytic 
germ near the circle. We call g expanding if it admits an analytic extension 
to a double covering g : V — ► V between annular neighborhoods of T such 
that V <e V . We consider such a map up to conjugacy by rotation, which is 
equivalent to normalizing it in such a way that 1 G T is a fixed point. Let £ 
stand for the space of circle endomorphisms as above (up to rotation) . Let 

mod( 5 ) = supmod(F'\ (VUB)), 

where the supremum is taken over all extensions g : V — ► V' as above. 

There is a projection ir : QQ — > £ which associates to / G QG its external 
map g G £. In the case when / G C, the construction is easily provided by 
the Riemann Mapping Theorem. Namely, let / : U — ► U' be a quadratic-like 
representative of the germ. Let us conjugate f :U\ K(f) — ► U' \ K(f) by the 
Riemann mapping 

<f> = <t> f :C\K(f)^C\B 

to a double covering g : W — > W' between annuli with inner boundary T. By 
the Reflection Principle, g extends to a circle endomorphism of class £. Since 
the Riemann mapping <j) is well-defined up to post-composition with rotation, 
g is well-defined up to conjugacy by rotation. 



FEIGENBAUM-COULLET-TRESSER UNIVERSALITY 



335 



Lemma 3.2. Let f £ C and g = n(f) be its external map. Then mod(/) = 
mod(flf). 

Proof. The Riemann mapping (f> : C \ K (/) — ► C \ D obviously establishes 
one-to-one correspondence between the fundamental annuli of / and g. □ 

In the case of a disconnected Julia set the construction is more subtle. 
Take a closed fundamental annulus A = U'\U with real analytic boundary 
curves E = dU' and I = dU. Then / : I — > E is a real analytic double 
covering. 

Let (i = modA and consider an abstract double covering £i : A± ^ A 
of an annulus A\ of modulus fi/2 over A Let I\ and £i be the "inner" and 
"outer" boundary of A\\ i.e., £i maps 7i onto I and Ei onto E. Then there is 
a real analytic diffeomorphism Q\ : E\ — > 7 such that £i = f o 9\. This allows 
us to stick the annulus yli to the domain C\U bounded by I. We obtain a 
Riemann surface Xi = (C \ U) Uq 1 A±. Moreover, the maps / on I and £i on 
A\ match to form an analytic double covering j\ : A\ — > A. 

This map fi restricts to a real analytic double covering of the inner bound- 
ary of A± onto its outer boundary. This allows us to repeat this procedure: we 
can attach to the boundary of T\ an annulus A2 of modulus ^/x, and extend /1 
to the new annulus A<i- Proceeding in this way, we will construct a Riemann 
surface 

(3.2) T A = T A {f) = lim T n = (C \ U) U 0l A 1 Ue 2 A 2 ... 

and an analytic double covering F : U n >iA n — > U n >o^4 n extending /. 

Since the trajectories of F do not converge to the "inner" ideal boundary 
of T A , it is a punctured disk and can be conformally mapped onto C\D. Now 
by the reflection principle, this conformal representation of F can be extended 
to an analytic expanding endomorphism gA ■ T — > T. 

For a given choice of the fundamental annulus A, the map gA ■ V — > V 
(which comes together with the domains (V, V')) is well-defined up to rotation. 
Indeed, for two such maps gA and gA, by construction there is a conformal 
isomorphism /i:C\D— >C\D conjugating them on an outer neighborhood 
of the circle. Reflecting h to the unit disk, we conclude that h is a rotation 
conjugating gA and g' A near the circle. 

The endomorphism gA ■ T — > T does not actually depend on A, that 
is, on the choice of a representative of the quadratic-like germ. Indeed, let 
A = U' \ U and A = U' \ U be two fundamental annuli of / such that and 
/(0) are contained in the same connected component W of U' PI V. Then by 
Proposition 3.1, we have a quadratic-like map / : W — ► IF' whose fundamental 
annulus = FF' \ IF is contained in both [/' and V' . Let us show that in this 
case g A = gB = 9a- 
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It is enough to check the first equality. Let us consider the tautological 
embedding C \ U — > C \ W. The latter Riemann surface is naturally embedded 
in T B , so that we obtain an embedding i : C \ U — > T B conjugating f\dU to 
gB\i(9U). (Note that gs admits an analytic extension up to the curve i(dU) 
provided by f\U \ W .) 

Let us attach an abstract annulus A\ of half modulus to the inner bound- 
ary of A. Then i is naturally lifted to this annulus, so that we obtain a confor- 
mal embedding i : (C \ U) U A± — > T B . Now attach the next annulus A2 and 
extend i to the new Riemann surface, etc. At the end we obtain a conformal 
isomorphism % : T A — > T B conjugating g\ to gs near the ideal boundary. The 
conclusion is obvious. 

Thus the external map g = ir(f) is correctly defined up to rotation. 

The above construction is due to Douady and Hubbard [DH2] except that 
we remember the embedding of the fundamental annulus A into C\U. Due 
to this the external map is defined up to rotation rather than an analytic 
difieomor phism . 

We say that two quadratic-like germs / and / are externally equivalent if 
7r(/) = 7r(/). Note that in the case of connected Julia sets this means that the 
appropriately normalized conformal map h : C \ K(f) — > C \ K(f) conjugates 
/ and / near the Julia sets. 

Lemma 3.3. The external map 7r(/) is equal to Pq : z 1— > z 2 if and only 
if f is a quadratic polynomial P c : z ^ z 2 + c. 

Proof. The external map g of a quadratic polynomial acts as a double 
covering on the whole Riemann surface T = C \ D, and hence g(z) = z 2 . 

Vice versa, assume that tt(P c ) = z 2 . This means that there is a conformal 
map ^) : C \ [/ -> C \ (V U B) such that <j)(f(z)) = <fi{z) 2 whenever this makes 
sense. But this functional equation allows us to extend / analytically to the 
whole complex plane, so that / is a restriction of a quadratic polynomial. □ 

The inverse map (ftj 1 : C \ V —> C \ U conjugating g = vr(/) on dV 
to / on dU (and perhaps analytically extended elsewhere) will be called the 
uniformization of f at 00. 

The fibers Z g of the projection tt will be called vertical curves, or vertical 
fibers. 

3.3. The Riemann mapping. Let us now construct a smooth map 

f : QQ \ C -> C \ D 

which conformally uniformizes the vertical fibers (its restriction to the quadratic 
family will coincide with the Riemann mapping C \ Mq — > C \ D) . 

Let us say that a normalized map g € £ , g(l) = 1, is marked if one 
has selected annuli neighborhoods (V, V) of T according to the definition of 
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an expanding map and a point a € V \ D, up to the following equivalence 
relation. Two data (g : V — > V, a) and (g : V — > V 7 , a) are considered to be 
equivalent if there is a string of representatives # : Vk — > V fe ', k = 0, . . . ,N, 
such that 

. (V , V ') = (V, (^v, V&) = (V", V"'); 

• T and a are contained in the same connected component of V£ Pi V fe ' +1 , 
k = 0,l,...,N -1. 

In the case of a disconnected Julia set, the above construction of the 
external map g = ir(f) actually provides us with a marked map as follows. 
Given an (/ : U — > U') € Q£ \ C, let us consider its external map (5 
:V— >V / ) = 7r(/)e£, where (V, V') naturally corresponds to (U,U'). By 
the construction of g, there is a conformal map ^ = C\ [/^C\(^UD) 
conjugating / : 3f7 — > to 5 : <9V — > 9V"'. Let AT be the maximal natural 
number such that f~ N U 3 0. Then <p admits the analytic extension to the 
domain C \ f~ N U 3 /(0). Thus we can mark the point 

a = *(/) = *(/(0)) 

in V. 

Selecting a different representative of / does not change marking of g. 
Indeed, let / : U — > U' and f : U — ► t/ 7 satisfy the property that and /(0) 
belong to the the same component of C/' Pi f/'. Then considering the quadratic- 
like intersection / : W — > IV' we conclude that T and a belong to the same 
component of V Pi V'. 

Let £ m denote the space of marked circle maps of class £ , and 7r m denote 
the projection QC? \ C — > £ m just described. Let us also consider the following 
natural maps: 

(3.3) C : £ m — * £ (forgetting the marked point) 
and 

(3.4) 7] : £ m -> C \ D (position of the marked point). 

Let iS 9 denote the fibers of £, 5 G £. Endow 5 3 with the following topology. 
Pick an e > and a representative (g : V — > V, a) of a marked map G € 
<S fl . Then a neighborhood of G in 5 S consists of marked maps represented by 
(g : V -► V',6) with 6 G V, |6 - a\ < e. Then 77 : 5 3 -► C \ D is a local 
homeomorphism. Pulling the complex structure back via 77, we make the fiber 
a Riemann surface covering (nonevenly) an outer neighborhood of the unit 
circle. 

As in the case of QQ, there is a subset £# C £ m with a preferred mark- 
ing. Namely let consist of marked circle germs which have representatives 
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(g : V — > V , a) with the property that dV and a are separated by some round 
circle T r C V \ D. Clearly this marking is uniquely determined by the germ 
g and the point a. Thus the projection 77 : — > C \ D is univalent (here 
5# = 5 9 n £ # ) and can be identified with a domain f2 9 of the complex plane. 
Note that for any g G £, there is a representative g : V ^ V' such that 

V \ D D T r with r = r(g) > 1 depending only on mod(<7). Hence any point 
a G A(l,r) specifies a preferred marking of g, so that f2 s D A(l,r). 

Theorem 3.4 (External mating), Lei g G £ m be a marked circle map. 
Then there is a unique quadratic-like germ f = 8(g) G QQ \ C such that 
K m (f)=g. 

Proof. Let us consider the marked point a = r](g). Let g N a G A = 

V \ (V U D) (without loss of generality we can assume that g N a G" OA). On 
the other hand, take any quadratic polynomial P = P c with Cantor Julia set. 
Let G be the Green function on C \ K(P) with pole at 00, and let £l r = 
{z : G(z) < logr} (r > 1). Select a fundamental annulus Q R 2 \ containing 
P N c. Let r = R 1 / 2 " and U = g~ N V. 

There exists a diffeomorphism <\> : (C \ Cl r ,c) — > (C \ U, a) conjugating 
P\(Qr \ Q r ) to g\(V \ U). Let us consider the conformal structure /x = (f)*a 
on C \ £l r , and pull it back by P to the complement of J(P). (Here o is the 
standard structure on C \ U; see Appendix 1.) Straightening this conformal 
structure by the Measurable Riemann Mapping Theorem we obtain a desired 
quadratic-like map /. 

Let us have two quadratic-like maps / : U — > U' and f : U — > U' in Q£ \ C 
with TT m (f) = TT m (f) = g, in particular, £(/) = ^(/) = a. Let us show that 
these maps represent the same quadratic-like germ. 

First assume that the domains (V, V') of g corresponding to U and U 
coincide. Then / and / have fundamental annuli U' \ U and U' \ U whose 
inner boundaries are "figures eight" passing through 0, and such that there 
is a conformal map ip '■ (C \ U, 0) — > (C\U, 0) conjugating / to / on the 
boundaries of these domains. This map admits a dynamical analytic extension 
to the complements of the Julia sets. Since the Julia sets are removable, ip is 
affine. 

Assume now that we have two representatives of the marked germ, 
g : V — ► V and g : V — > V', such that T and a belong to the same com- 
ponent W of V n V'. Let tt = g^W. Then Q <e 17' and 5 : n -> $7' is a double 
covering. 

Assume also that the map 5 : V — > V' corresponds to a quadratic-like 
map f : U U'. Then there is a restriction / : W — > W' corresponding to 
5 : — ► f2'. Moreover, by means of the functional equation 4>(fz) = g(cf)(z)), 
f analytically extends to a domain U — > C/' corresponding to 5 : V" — > V"'. 



FEIGENBAUM-COULLET-TRESSER UNIVERSALITY 



339 



Let us now consider a string of circle maps g : Vk — > V k , k = 0, . . . , N, 
such that T and a are contained in the same component of V£ n V k+1 , and 
(Vb,"^') = (VjV), (V N ,Vjf) = (V,V r ). Then by the above construction, we 
have the corresponding string of quadratic-like maps / : Uk — ► U' k such that the 
U' k n U' k+1 contain both and /(0), and (C/ , Co) = (C 17') ■ Then f-U^U' 
and / : l^v — ► J/jy represent the same germ. On the other hand, /n : Un — ► Cjy 
and f : U U' have the same marked external map </ : V — ► V' considered 
with its domain. As we have shown above, /at is afnnely equivalent to /. □ 

The above operation 9 will be called the external mating. The reason is 
that one can think of it as the mating of a circle map g £ £ with a point 
a £ C \ B which produces a quadratic-like germ / outside the connectedness 
locus C. 

Note that the restriction £ :C\M^C\Bof£to the quadratic family 
coincides with the uniformization of C \ M tangent to id at oo (see [DH1]). 
The preimage of a round circle T r under this uniformization is called the 
(parameter) equipotential of level r. 

We will see that the map ir m : Z g \ C — ► S g is a conformal isomorphism 
(see Lemma 4.14). The preimages of the round circles under £ = r] o ir m will 
be called (external) equipotentials on Z g . 

The external equipotentials are the traces of equipotential hypersurfaces in 
QG, the preimages of the round circles under £ : QG \ C — ► C \ B. We will see 
that they are codimension 1 smooth submanifolds in QG (see Lemma 4.14). 

3.4. Conjugacies. Two quadratic-like maps / : U — > t/ 7 and f : U U' 
are called topologically conjugate if there exists a homeomorphism h : (U', U) — > 
(U',U) such that h(fz) = f(hz), z £ U. Two quadratic-like germs / and / 
are called topologically conjugate if there is a choice of topologically conjugate 
quadratic- like representatives. A self-conjugacy h of a map/germ is called its 
automorphism. 

Lemma 3.5 (see e.g. [L2, Lemma 10.4]). Let f be a quadratic-like germ 
with connected Julia set and h be its automorphism. Then h\J(f) = id. 

Two maps/germs are called quasi- conformally/ smoothly etc. conjugate (or 
equivalent) if they admit a conjugacy h with the corresponding regularity. If 
two maps/germs are qc conjugate with dh = almost everywhere on the filled 
Julia set, then / and / are called hybrid equivalent. 

Lemma 3.6. Let f 6 C and g G C be two quadratic-like germs with 
mod(/) > v > and mod(g) > v > 0. Assume that they are qc conjugate by 
a map h with 

\8h(z)\ 
zeK(f) \dh(z)\ 
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Then there exist quadratic-like representatives f : U — > U' and g : V — > V 
such that: 

(i) mod([/ / \U)> n{v) > and mod(V \ V) > fi(u) > 0; 

(ii) These representatives are K-qc conjugate with K = K(k,v). 

Proof. A quadratic-like germ / G C with mod(/) > v > admits a 
representative f : U —>■ U' satisfying (i) and such that the boundaries dU, dU' 
are smooth 7(V)-quasi-circle (see e.g. [McM2, Prop. 4.10]). If we have two 
maps /:[/—>{/' and g : V — > V with this property then there is a Q-qc map 
H : U' \ U — > V' \ V respecting the boundary dynamics, with Q = Q(fi,~/). 
This map can be pulled back to a K-qc conjugacy between between / and g 
on the complements of the filled Julia sets. This conjugacy glues with h\K(f) 
to a single K-qc conjugacy, where K = max(Q, (/e + l)/(/e — 1)) (see e.g., [L2, 
Cor. 10.5] and Lemma 10.4). □ 

Corollary 3.7. Let f G C and g £ C be two quadratic-like germs with 
mod(/) > v > and mod(g) > v > 0. // i/iese maps are hybrid equivalent 
then there exists a K(y)-qc hybrid conjugacy between them. 

3.5. Hybrid classes. Let TL{f) stand for the hybrid class of / € If / 
€ C then the hybrid class H(/) can be endowed with the following Teichmuller- 
Sullivan metric: 

dist T (/, 5 ) = inflogDil(/ l ), 

where h runs over all hybrid conjugacies between / and g (see [SI]). 

Lemma 3.8. For any germ fo £ C with connected Julia set and any circle 
map g 6 £ , there exists a unique {up to affine conjugacy) germ f £ "H(fo) whose 
external map is equal to g. Moreover, i/mod(/o) > [i > and mod(<7) > jjl > 
then dist T (/o, /) < K(p). 

Proof. Let go : Vq — > V ' be the external map of /o- Any two expanding 
circle maps, in particular g : V — ► V and go 5 are quasi-conformally conjugate. 
Indeed, let A = V \ (V U D) and A = Vq' \ (V U D) be outer fundamental 
annuli of g and go respectively. Their boundaries can be selected as smooth 
quasi-circles with dilatation controlled by ji. Then there exists a K = K(p)-qc 
diffeomorphism tp : (C \ V, A) — > (C \ Vo,Aq) conjugating g : dV — ► 9V to 
go : <9Vo — > cH^'. It admits a unique extension to a .ftT-qc map ^:C\B— >C\B 
conjugating # : F \ B -> V \ B to # : V \ B -> V, \ B. By the Reflection 
Principle, ip admits an extension to a T-symmetric K-qc map (C, V, Vj — > 
(C, Vq, Vo) conjugating g and go on their domains. 

Let us consider a -(/'-push-forward of the standard conformal structure a 
from C \ B to C \ B, v = ip^a. It is preserved by go : Vq — > Vq. Recall now 
that in the case of a connected Julia set, go : Vq \ B — > V ' \ B is conformally 
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conjugate to /q : Uq \ K(f) — > Uq \ K(f) by means of the Riemann mapping 
(f> : C\K(f) — > C\B. Hence the structure /i = <f>*v on C\K(f ) is preserved by 
/o near the Julia set. Let us extend it to K(f) in a standard way: fi\K(f) = a. 
Straightening fi by the Measurable Riemann Mapping Theorem, we obtain a 
desired map /. 

Let us now have two maps like this, / and /. Since they are hybrid 
equivalent, there is a qc conjugacy h : (U,K(f)) — > (U,K(f)) near the filled 
Julia sets, such that dh = a.e. on K{f). On the other hand, / and / are 
externally equivalent, so that there is a conformal map H : C\K(f) — > C\K(f) 
conjugating / and / near the Julia sets. These two maps match on the Julia 
sets (see [DH2, Prop. 6]), and hence glue together into a single conformal, and 
thus affine, map. □ 

Theorem 3.9 (Straightening [DH2]). If f is a quadratic-like germ with 
connected Julia set then its hybrid class Tt(f) contains a unique quadratic 
polynomial P : z i— > z 2 + %(/), where c = x(f) is a point of the Mandelbrot set 
M Q . Moreover, dist T (/,P) < K(mod(/)). 

Proof. By the previous lemma, there is a unique map P G QQ which is 
hybrid equivalent to / and externally equivalent to Pq : z ^ z 2 . By Lemma 
3.3, P is the unique quadratic polynomial in H(f). □ 

Let us summarize Lemma 3.8 and Theorem 3.9: 

Theorem 3.10 (Internal mating). Any parameter c G M can be mated 
with any circle map g G £ to obtain a unique (up to affine conjugacy) germ 
f = i c (g) G QQ such that \{f) = c and ir(f) = g. 

The hybrid class passing through a point c G Mq will also be denoted as 
H c - Thus we have a partition of the connectedness locus C into the hybrid 
classes labeled by the points of the Mandelbrot set and parametrized by the 
space £ of circle maps. 

Note that all quadratic-like germs with disconnected Julia set are hybrid 
equivalent, so that QQ \ C is a single hybrid class. 

Let us finish with the following important remark: Any two germs /o 
and fi in the same hybrid class H can be included in a certain complex one- 
parameter family of maps called the Beltrami disk. Let h be a hybrid conjugacy 
between / and f\, and \i = dh/dh be the corresponding Beltrami differen- 
tial. Let us consider a complex one-parameter family of Beltrami differentials 
fix = Xfi, A G E>i+ £ . Let hx be the solution of the corresponding Beltrami 
equation. Then by definition, the family {fx = hx o f o h^ 1 } is the Beltrami 
disk via /q and f\ . 

The real one-parameter family {fx : |A| < 1 + e}, is called the Beltrami 
path joining f and f\. 
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4. The space of quadratic-like germs 

4.1. Topology and analytic structure. McMullen has supplied the space 
QAi of quadratic-like maps with the Caratheodory convergence structure by 
declaring that a sequence f n :U n ^U' n converges to / : U — > U' if the pointed 
domains (U n ,0) Caratheodory converge to (U, 0), and f n — > / uniformly on 
compact subsets of U (see [McMl, §4]). This structure can be pushed down to 
the space QQ of quadratic- like germs by declaring [f n ] — ► [/] if the sequence [/ n ] 
can be split into finitely many subsequences which admit representatives 
Caratheodory converging to certain representatives fi of [/] (the splitting 
of the sequence is actually not needed in the case when / G C ). Below we 
will show that this convergence structure on QQ is consistent with a certain 
topology, which in turn can be refined to a natural complex analytic structure 
modeled on a family of Banach spaces. For the background for this section the 
reader should consult Appendix 2. 

As in subsection 11.3, 

• V will stand for the directed set of topological discs V 3 with piecewise 
smooth boundary, and U >- V if U <bV; 

• By will denote the space of normalized analytic functions f(z) = c + 
z 2 + . . . on V G V continuous up to the boundary supplied with sup- 
distance; 

• B = limBy will stand for the space of normalized analytic germs at 0. 

Let us now supply the space QQ of normalized quadratic-like germs with 
topology and complex analytic structure modeled on a family of Banach spaces 
By. Given / G QQ, let V/ stand for the family of topological disks with 
piecewise smooth boundary such that / : V — > fV is quadratic-like. If g G 
By(f,e) is sufficiently close to / in the Banach space By then it is quadratic- 
like on a domain U slightly smaller than V. Hence g represents a quadratic- 
like germ. Thus we have an injection jf y : By(f,e) — > QQ. This family 
of injections obviously satisfies properties P1-P3 stated in Appendix 2 (with 
linear transition maps), and hence endows QQ with topology and complex 
analytic structure. 

Note that by Lemma 11.6, convergence in this topology coincides with the 
quotient of the Caratheodory convergence. 

If / G C then the domains V on which / is quadratic-like form a directed 
set V/, so that / is a regular point of QQ (see Appendix 2). Since the transi- 
tion maps are linear, the tangent space TfQQ is naturally identified with the 
inductive limit 



(4.1) 



= lim By, 

vev f 
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which is in turn identified with the space of germs of analytic vector fields near 
the filled Julia set K(f) normalized at the origin as v(z) = 5 + az 3 + . . . . 

Since any finitely dimensional submanifold locally sits in some space By, it 
can be locally identified with an analytic finitely parameter family of functions 
f\(z) on V (so that f\(z) is analytic in two variables). 

Given jjl > 0, R > 0, let QQ(fi,R) stand for the space of quadratic-like 
germs which have normalized representatives / : V — > V ', z i— > c + z 2 + . . . with 
mod(/) > //, |c| < R, and disth yp (0, c) < R, where the hyperbolic distance is 
measured in V'. Let 

QG(JJ) ={f£QG: mod(/) > M }. 

Note that 

(4.2) C{ii) = QG{ii) nCc QQ{n, R(ji)) 

(indeed, for a quadratic map z i— ► z 2 + c with connected Julia set, we have: 
c < 2, and the statement for quadratic- like maps follows from the Straightening 
Theorem). Similarly, let £(//) = {g G £ : mod(g) > /x}. 

Lemma 4.1 (Compactness). A subset K, of QQ (respectively: of C or £) 
is pre- compact if and only if it is contained in some QQ(fj,,R) (respectively: 
in C(fx) or £(/u)). Any compact set K, sits in a union of finitely many Banach 
slices and bears a Montel metric distM (see Appendix 2) well-defined up to 
Holder equivalence. 

Proof. Sequential pre-compactness of QQ(fi,R) follows from [McMl, 
Th. 5.6]), and by Lemma 11.6 it implies pre-compactness. 

Vice versa, let /C C QQ be pre-compact, thus sequentially pre-compact. 
Since c = f(0) continuously depends on /, it is bounded on /C. Moreover, 
mod(/) and disth yp (0, /(0)) are sequentially continuous on the level of maps: 
If fn / then 

limmod(/ n ) = mod(/) and limdist hyp (0, f n (0)) = dist hyp (0, /(0)). 

Since convergence of germs is described in terms of representatives, 

mod(/) > fi > and dist hyp (0, /(0)) < R < oo for / € K. 

The criterion for C follows by (4.2), and the criterion for £ is completely 
analogous. 

The last statement follows from Lemma 11.5. □ 

Let us consider a holomorphic family fx, A G A, of quadratic-like germs 
over a Banach domain (A, 0), fo = f\ . Then this family locally sits in some 
Banach slice B\j and is represented there by a holomorphic family of quadratic- 
like maps fx : V\ — > V{. Take a thickened fundamental annulus Aq (i.e., a little 
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neighborhood of the fundamental annulus ^4o) of /o with piecewise smooth 
boundary compactly sitting in Vq. The following useful statement shows that 
this annulus can be included in a holomorphic family: 

Lemma 4.2. There is a smooth holomorphic motion h\ of Aq over a 
neighborhood A' C A of 0, such that A\ = h\Ao is a thickened fundamental 
annulus of fx , which respects the dynamical relation near the boundary of Aq . 

Proof. Fix a collar neighborhood of the outer boundary of A$, and let the 
corresponding collar neighborhood of the inner boundary move as prescribed by 
dynamics. By Lemma 11.2, this motion can be smoothly interpolated through 
the whole annulus. □ 

Douady and Hubbard [DH, Prop. 9] formulated this statement (for one- 
parameter families) as existence of horizontally analytic smooth tubing, i.e., a 
smooth map ^x(z), 

(4.3) * : A' x A(2 — e, 4 + e) — > |J A x , 

AeA' 

analytic in A £ A' for any given z G A(2 — e, 4 + e), fibered over id| A' and such 
that \ conjugates Pq : z i— > z 2 near T2 to fx near the inner boundary of Ax- 

4.2. Complex structure on the space of circle maps. In a similar way we can 
supply the space £ of expanding circle maps with the inductive limit topology 
and real analytic structure. Namely, let us represent T as K/(7 : x 1— > x + 1) 
so that 1 G T corresponds to £ K. Let V be a 7-invariant M-symmetric 
neighborhood of M, and let By stand for the Banach space of functions / 
analytic on V, real on R, normalized as /(0) = 0, and satisfying the following 
equation: f(z + 1) = f(z) + 2. (In other words, this is the space of degree-two 
circle maps analytic in a given neighborhood of T and fixing 1.) 

Let £y be the set of expanding circle maps f € £ which belong to By. It 
is clearly an open subset of By. Thus we have a natural representation of £ as 
the inductive limit of real Banach manifolds £y. 

It is not obvious that £ can also be endowed with complex analytic struc- 
ture. To see this let us consider the hybrid class of z ^ z 2 , 7i° = T~t(z 2 ) = 
{/ € QG '■ /(0) = 0}. Since the condition /(0) = specifies in every Ba- 
nach space By a codimension 1 linear subspace, 7i° is naturally endowed with 
topology and complex analytic structure. 

Lemma 4.3. The space £ of circle maps and the hybrid class TLq are 
homeomorphic. 

Proof. The homeomorphism i = iq : £ — ► TLq is constructed as the mating 
of c = G M with g G £. By the Mating Theorem 3.10, i is one-to-one. 
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Take a map go 6 £y with a fundamental annulus Aq. Then for all nearby 
g £ £y, we can select a continuously moving fundamental annulus A = A g 
(as in Lemma 4.2). It follows that the map ip g : A(r, r 2 ) — ► A 9 conjugating 
Po : TV — > T r 2 to the boundary restriction of 5 can be selected continuously 
in g. 

Let us consider the conformal structure i/j*a on A(r, r 2 ). Pull it back by 
the iterates of Po and extend it as a beyond A(l,r 2 ). We obtain a continuous 
family of conformal structures v g on C. By the Measurable Riemann Mapping 
Theorem, the straightening map 

h g : (C,0) (C,0), (/g*^ = a, (^)'(O) = 1, 

depends continuously on g. Hence / = i(g) = /i^oPqo/i" 1 depends continuously 
on g as well. 

Vice versa, it is easy to see that the filled Julia set K(f) depends continu- 
ously on / e TLq. Hence the normalized Riemann mapping <p = <fif : C\K(f) — > 
C \ D depends continuously on / in compact-open topology. Let 7 C C\B 
be a closed curve homotopic to T which belongs to the domain Vo of go £ £. 
Then for / near fo, the external map g = <fi o / o restricted on 7 depends 
continuously on /. By the reflection and maximum principles, g depends con- 
tinuously on / on the whole annulus enclosed by 7 and the symmetric curve. 
Thus the map is continuous. □ 

Remark. In the above proof we implicitly use the following fact. Let 
f\ = h\ofooh^ 1 , A G D G C, where h\ is a holomorphic family of qc maps 
and f\ is a family of holomorphic maps. Then fx is holomorphic in A (it is not 
trivial because h^ 1 need not depend holomorphically on A). Indeed, taking 
d/d\ of the expression h\ o f = fx o h\, we obtain: 

n dh x , ,, dhx dfx , dfx , 
° = -dX ° k = h ° ~8X + -OX ° hx= 3A ° hx - 
Now the natural complex analytic structure on Ho can be transferred 
to £ via the above homeomorphism. (This construction is inspired by the 
construction of the complex structure on the Teichmiiller spaces via the Bers 
embedding [Be].) 
Let 

(4.4) n = io o n : QG Ho, I c = i c o tt : H ^ H c . 

4.3. Analyticity of n and i c . 
Lemma 4.4. 

• The projection ir : C — > £ is proper; 

• The projection tt : QQ — > £ is complex analytic. 
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Proof. • By definition, "proper" means that preimages of compact sets 
are compact. Let K, C £ be compact. Then by Lemma 4.1, mod(<7) > fi > 0, 
9€lC. 

Let / G C n 7r _1 /C. Then by Lemma 3.2, mod(/) > /i as well, so that by 
Lemma 4.1 7r _1 /C is compact. 

• Let /o G Q^y, ^4o be its fundamental annulus. For / G Q(5y near /o, 
select a holomorphically moving fundamental annulus Af (see Lemma 4.2). 
This defines a holomorphic family /z^ of conformal structures on Ao- Pulling 
these structures back to the Riemann surface To = T(fo) constructed above, 
see (3.2), we obtain a holomorphic family of conformal structures Uf on To. 
Realize To as C \ D, put the standard structure on B, and solve the Beltrami 
equation: (hf)*Vf = a. The analytic dependence in the Measurable Riemann 
Mapping Theorem ensures that the maps n(/) = hfofQohJ 1 G Tio analytically 
depend on /. As the complex structure on £ is by definition transferred from 
Ho, we conclude that gj = 7r(/) analytically depends on / as well. □ 

Lemma 4.5. For any c G M, f = i c (g) depends analytically on g G £. 

Proof. The proof is similar to that for the previous lemma. Let Aq be 
a fundamental annulus for /o G C. Select a fundamental annulus B g which 
moves holomorphically with g, and a family of diffeomorphisms h g : Aq — > B g 
respecting the dynamics on the boundaries and depending analytically on g. 
Then the conformal structure jig = (h g )*a depends analytically on g. Pulling it 
back by iterates of fo and straightening, we complete the proof (using analytic 
dependence in the Measurable Riemann Mapping Theorem). □ 

Thus one can say that the mating / = i c (g) is horizontally analytic. 

4.4. Infinitesimal deformations. Let us introduce spaces needed for the 
description of the tangent spaces to the hybrid classes. For / G C, let B(/) be 
the space of /-invariant Beltrami differentials /i of class L°° near K(f) such 
that fi = a.e. on K{f). Consider the Beltrami path ht in the direction of 
fi G B(/), i.e., the family of normalized solutions of the the Beltrami equations 
Bht/dht = t[i for small \t\ (see §3.5). The velocity of this path at /, 

dh t 

w = ir lt = > 

is a vector field near K(f) which has locally square integrable distributional 
derivatives (i.e., of class H; see Appendix 1) and satisfies the <9-equation dw = 
/i. Let F(/) stand for the space of such vector fields (corresponding to all 
possible \x G B(/)). 

For / G C, let us consider the tangent space to the hybrid class of /, 

(4.5) E\f) = T f H(f). 
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By definition, it consists of the velocities at / of all smooth curves j(t) £ T~t(f) 
through /. The space E h (f) and its vectors will be called horizontal. 

Remarks. 1. Vector fields v(z)/dz £ T^fQG are normalized so that v'(0) 
= and considered up to adding a vector field az 2 /dz. By this we can make 
v"(0) = but sometimes we will prefer a different normalization. 

2. On the plane C we will freely identify functions v(z) with the corre- 
sponding vector fields v(z)/dz. 

Lemma 4.6. The horizontal space E h (f) consists of (normalized) holo- 
morphic vector fields v(z)/dz near K(f) which admit a representation v(z) = 
w(fz) — f'(z)w(z) with some w/dz £ F(/). 

Proof. Let us consider a smooth path f t £ 'H(f) tangent to v(z)/dz £ 
E h (f). Then Lemma 4.2 and the Measurable Riemann Mapping Theorem 
imply that there is a smooth path of qc maps ht conjugating / to ft, ho = id. 
Let w/dz £ F(/) be the velocity of this path at id. Linearizing the curve 
t i— > h t o / o hj 1 at t = 0, we conclude that {ft} is tangent to (w o f — /' w)/ dz 
at /, so that v admits a desired representation. 

Vice versa, let v = w o / — /' w with w/dz £ F(/). Then the Bel- 
trami differential \i = dw belongs to B(/). The corresponding Beltrami path 
f t = h t ofo h^ 1 (i.e., Bht/dht = tw) is a smooth curve in H(f) tangent to v 
at /. □ 

Let f £ C. A vector field v(z)/dz £ TfQQ is called vertical if there is a 
holomorphic vector field a(z)/dz on C \ K(f) vanishing at oo such that 



near the Julia set. (Note that the above condition is equivalent to saying that 
a is a holomorphic function on C \ K(f) with at most simple pole at oo.) 
The space of vertical tangent vectors at / will be denoted by E v (f). (We will 
eventually show that it is the tangent space to the vertical fiber Zj.) 



Proof. Existence. Let us consider a holomorphic vector field v(z)/dz £ 
^fQQ i n a neighborhood of K(f). Select a quadratic-like representative 
/ : U — > U' such that v is well-defined in a neighborhood of U'. Then there 
exists a smooth vector field w(z)/dz in a neighborhood of C\U vanishing near 
oo and such that 



(4.6) 



v (z) = a(fz) - f'(z)a(z) 



Lemma 4.7. For f £ C, T f QG = E 1 



U)®E-{f). 



(4.7) 



v(z) = w(f{z)) - f'(z)w(z), z 



£ U n Dom(w). 



By means of this equation w(z)/dz can be extended to a smooth vector field 
in C \ K(f) satisfying (4.7) in U. 
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Let us consider the Beltrami differential \i = dw in C \ K(f) extended by 
to the filled Julia set K(f). Since v is holomorphic on U, (4.7) implies that 
[i is /-invariant over there. Hence it has a bounded L°°-norm on the whole 
sphere (equal to its L°°-norm on C \ U) . 

Let us solve the 9-problem du = fj,, where u(z)/dz is a vector field on C 
of class H vanishing at oo. Then: 

a) The vector field v h = u o f — f'u on U is holomorphic since fi is f- 
invariant. By adding a linear function az + b to u we can normalize v h so that 
(v h )'(0) = (v h )"(0) = 0. Since n = on K(f), v h is horizontal. 

b) Let a = w — u. The corresponding vector field a(z)/dz is holomorphic 
on C\ K(f) (since da = 0) and vanishes at oo. Moreover, v — v h = aof — fa 
on U. Hence (v — v h )/dz is a vertical vector field. 

Uniqueness. Assume that there exists a vector field v/dz G E h (f)r\E v (f), 
j;/0. Then v = w o / — f'w with w/dz G F(/) and v = a o f — fa where 
a(z)/dz is holomorphic on C \ K(f) and vanishes at oo. 

Let us consider a vector field u/dz = (w — a)/dz on U' \ K(f). Since it 
is /-invariant, it is bounded with respect to the hyperbolic norm on U. Hence 
\u(z)\ — > as z — > J(f), z £ U, so that u admits a continuous extension to U 
vanishing on the Julia set J(f). 

Thus the vector fields w{z)/dz and a(z)jdz match on the Julia set </(/), 
i.e., the vector field (3(z)/dz which is equal to w(z)/dz on K{f) and equal to 
a(z)/dz on C \ K(f) is continuous on the whole sphere. Moreover, this vector 
field has distributional derivatives of class L 2 and 3(3 = (see e.g., Lemma 
10.4). By Weil's lemma, (3(z)/dz is holomorphic on the whole sphere. Since it 
vanishes at oo, (3{z) = az + b is linear. 

Thus v(z) = af(z) + b- f(z)(az + b), where f(z) = c + z 2 + .... If v 
is normalized by v f (0) = v"(0) = 0, then a straightforward calculation yields 
a = b = 0. Hence v = as well. □ 

4.5. Horizontal foliation of C. In this section we will show that the hybrid 
classes 7i c , c G M, are codimension-1 complex analytic submanifolds in QQ. 

As usual, a foliation is called analytic (or smooth etc.) if it locally admits 
an analytic (smooth etc.) straightening. 

Lemma 4.8. The partition of intC into the hybrid classes is a complex 
analytic foliation, with an analytic straightening given by the mating. 

Proof. On the hyperbolic components of intC, the analytic map / i— ► 
(7r(/), A(/)) straightens the leaves, where A(/) is the multiplier of the attracting 
periodic point. To obtain an analytic straightening over a "queer" component 
U of intMo (see §10.2), select a reference point cq G U, and a nontrivial mea- 
surable line field 7:2^ e 2ld i z ) n the Julia set J(P CQ ). Then the unit disk of 
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Beltrami differentials A7, A G D, analytically parametrizes U. Its product with 
£ analytically parametrizes the corresponding component of intC (by analytic 
dependence on parameters in the Measurable Riemann Mapping Theorem) . □ 

Lemma 4.9. For f £ mtC, the tangent space to the vertical fiber Zf co- 
incides with E v {f). Moreover, if f : V V is a quadratic-like representative 
of f then the vertical vector fields extend to holomorphic fields on V . 

Proof. For g £ Zf near /, let us consider a normalized qc map h g : C — > C 
conjugating / to g and conformal on C \ K(f). By the Measurable Riemann 
Mapping Theorem, it depends holomorphically on g. Hence the map (g, z) ^ 
h g (z) is holomorphic in two variables near {/} x (C \ K(f)). 

Let us consider a smooth curve g(t) in the vertical fiber Zf tangent to a 
vector field v(z)/dz at / (for t = 0). Since h g t t \ smoothly depends on t, we 
can consider the vector field a(z)/dz tangent to this curve at t = 0: 

(4,) „ - ^0. 

Then v = a o f — fa on the domain V of /. But by the above discussion, a 
is holomorphic on C \ K(f). Hence v £ E v (f). 

Thus TfZf C E v (f). Since both spaces are one-dimensional, they coin- 
cide. 

The second statement of the lemma also follows from the above discus- 
sion. □ 

Remark. Formula (4.8) is valid for all / G C (not only for / £ intC). 
In the general formula, h g should be understood as 4> g o (pj 1 , where the 4>~ g 1 
are the uniformizations at 00 (see §3.2). Justification for this formula requires 
proof that the vertical fibers are submanifolds (see §4.12) and that <p g smoothly 
depends on g. 

We will also need the following technical lemma: 

Lemma 4.10. Let f : V' — > V" be a quadratic-like map with connected 
Julia set, and let V = f~ 1 V '. Consider vector fields v{z)/dz and a{z)/dz 
satisfying (4.6) on V', where v is holomorphic in V" and a is holomorphic in 
C\K(f). Then 

IMIc\y — CIMIv" an d \\ V \W > C 1 1 1 ^ 1 1 V 
with a constant C depending only on fj, = mod(y \ V). 

Proof. Let 7 = dV . By the standard normality or hyperbolic metric 
arguments, the inverse branches of f~ N \^i are uniformly contracting on 7 with 
some constant A -1 < 1 (where N and A depend on ji only). 
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Let \\v || v = £ and ||o;||c\v = M. Incorporating the above contracting 
property and the Maximum Principle into (4.6) we obtain: 

M < ||a||/-iv 7 < (M + Ae)/X, 

where A depends only on fi. Hence M < Ae/(\ — 1), which proves the first 
desired estimate. Using (4.6) once again we conclude that ||v||y < As (K + 

1) /(A — 1), where K = ||/'||y, which proves the second estimate. □ 

Theorem 4.11 (Leaves). Hybrid classes 7i c , c G M, are connected 
codimension-one complex analytic submanifolds of QQ. The quadratic fam- 
ily Q = {Pc(z) =Z 2 + C} is a transversal to these submanifolds. 

Proof. We have: tt o i c = id. Hence by the definitions (see Appendix 

2) and the last two lemmas, tt : QQ — ► £ is a complex analytic submersion 
and i c : £ — > QQ is a complex analytic embedding, so that its image 7i c is a 
complex analytic submanifold in QQ. Since any two points in a hybrid class can 
be joined by a Beltrami path, the hybrid classes are connected. The quadratic 
family is transverse to all the leaves since by Lemma 3.3, it is a fiber of tt. 

Let us now show that codimW c = 1 at any point / G 7i c (note that by the 
last statement, it is true at / = P c ). By Lemma 4.8 it is true for c 6 intMo. 
Let c G dM. Select a sequence of maps f n £ intC converging to /. Let us 
consider the tangent projection P = D(i c o 7r)(/) : TfQQ — > E h {f) parallel to 
the vertical space E v (f), and the analogous projections P n at f n . By Lemma 
4.9, the latter projections have corank 1. 

Let us first show that corankP < 1. Otherwise there would be a two- 
dimensional tangent space F C E v (f) sitting in some Banach slice By C 
TfQQ. For n sufficiently big, this slice is naturally contained in the tangent 
spaces Tf n QQ as well. Let us consider the slices L n = ImP n n By of the 
horizontal spaces. By Lemma 11.3, they have codimension 1 in By. Hence 
there exist vectors v n G F PI L n , \\v n \\y = 1. 

Since P n — > P, there exists a U >- V such that eventually P n {By) C £>t/ 
and the Banach operators P n : By — > B[/ converge to P : — ► But since 
P is finite-dimensional, ||fn||{7 > c > 0. Thus ||Pn^n||c/ ^ c while Pov n = 
contradicting the operator convergence. 

Let us finally prove the opposite inequality: corankP > 1. To this end 
let us consider vertical vector fields v n at f n . Let us select quadratic- like 
representatives f n : V n — ► — > V^' Caratheodory converging to / : V — > 
V' — > V". By Lemma 4.9, the v n holomorphically extend to V^'. Normalize 
the vector fields so that H^nllv^ = 1- Then Lemma 4.10 implies that 

(4.9) |KHv>c>0. 
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Select a subsequence of these vector fields converging uniformly on com- 
pact subsets of V to a vector field v on V. By (4.9), Since P n — > P, 
we conclude that = 0, and we are done. □ 

Remark. Under more usual circumstances the codimension-1 statement 
would immediately follow from the facts that 7i c is connected and has codi- 
mension one at the point P c . However, a justification of this argument in our 
setting would be more involved than the above proof. 

One can extract extra useful information from the proof above: 

Lemma 4.12. For / € C, 

(4.10) E°(f) = KerD7r(/). 



Proof. In the proof of Theorem 4.11 we constructed a sequence of vector 
fields v n and a n satisfying (4.6) and passed to a limit v = limv n £ KerD7r(/) 
(along a subsequence). By Lemma 4.10 we can also pass to a limit a on C \ V 
along a subsequence of the a n 's. Then v and a are related by (4.6) on V \ V. 
By means of this equation we can now extend a to C\K(f). Hence v G E v (f). 
Since dimKerD7r(/) = 1 (by Theorem 4.11), KerDvr(/) C E v (f). 

Furthermore, by Lemma 4.7, E v (f) complements E h (f), and by Theo- 
rem 4.11, the latter space has codimension 1. Hence dim E v {f) = 1, and the 
conclusion follows. □ 

Denote by T the foliation of C into the hybrid classes. Accordingly the 
hybrid classes in the connectedness locus will also be called the leaves of T . 
Let us summarize the above information: 

Theorem 4.13 (Product structure). The connectedness locus C is homeo- 
morphic to the product £ x Mq. The homeomorphism is provided by mating 
f = ic(g)- It is horizontally analytic everywhere, and analytic in both variables 
for c G intMo . 

Proof. By the Mating Theorem, the mating / = i c (g) provides one-to- 
one correspondence between £ x M and C. Moreover, the inverse map 
: / i — ^ (tt(/),x(/)) is continuous, as it is continuous by Lemma 4.4 and \ is 
continuous by [DH2], [McM2, Prop. 4.7]. Since by Lemma 4.4, i~ l is proper, 
i is sequentially continuous. By Lemma 11.6, it is continuous. 

The last statement is the content of Lemmas 4.5 and 4.8. □ 

4.6. Regularity of the external mating. Let us now study analytic proper- 
ties of the external mating defined in subsection 3.3. 
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Lemma 4.14. The external mating 9 : £ m — > QQ \C is a diffeomorphism 
fibered over E. Moreover, it is vertically conformal, i.e., it is conformal on the 
fibers S g — > Z g \C. 

Proof. Let us consider a pair A = (G, b) where G : W — > W' &Ho,b e W , 
varying near some Ao = (Go, bo). Then by Lemma 4.2 and Lemma 11.2, there 
is a local smooth holomorphic motion H\ : (Bo, bo) — ► (Bo,b), where Bq is 
a fundamental annulus of G. Consider the corresponding holomorphic family 
H\ = H^a of conformal structures on Bq. 

Let R = Rq '■ C \ K(G) —> C \ D stand for the normalized Riemann 
mapping. Let us consider the corresponding marked external map 

G/A : V X - V{,a x ) = (n(G),R G (b)) G £™. 

Transfer the structures to this external model: v\ = (i?o)*/"A on = Vq \Vq 
(with we label the objects corresponding to Ao). Pulling v\ back by iterates 
of go we obtain a holomorphic family of conformal structures on Vjj \ D which 
we will still denote by v\. Let v\ be the symmetrization of v\ with respect to 
the unit circle. Then v\ depends smoothly on A. 

Let us solve the Beltrami equation, (h\)* : v\ — > a, h(0, 1, oo) = (0, 1, oo). 
The solution depends smoothly on A and hence a\ = h\(ao) also depends 
smoothly on A. Moreover, g\ depends on A holomorphically by definition of 
the complex structure on £. 

Reversing this construction we see that (G, b) depends smoothly on (g, a) 
as well. 

Moreover, if G = Go does not vary, then g\ = go does not vary either, and 
hence h\ commutes with go . It follows that the identical map in the interior 
of the unit disk glues with h\ outside to a holomorphic motion (see e.g., [L2, 
Lemma 10.3]). Hence in this case a\ depends holomorphically on A (i.e., on b 
only as G stays fixed). 

In a similar way one sees that f\ = 6(g,a) G QQ depends holomorphi- 
cally on A (compare Lemma 4.5). Hence it depends smoothly on (g,a) and, 
moreover, depends holomorphically on a once g is fixed. □ 

4.7. Uniformization at oo. We need for further reference a statement on 
continuous dependence of the uniformization at oo on a quadratic-like map. 
Let / : U — > U' be a quadratic-like map, g = ir(f) '■ V — > V' be its external, and 
4>f ■ C \ U ^C\Vbe the conformal map respecting the boundary dynamics 
(see §3.2). Let us normalize cf>f so that it has a positive derivative at oo. If 
N = N(f) is the maximal natural number such that f~ N U 3 then 4>f admits 
an analytic extension 

4> f : n(f) = C \ f- N U -+ C \ g- N V = A(f). 

In the case of a connected Julia set, ft(f) = C\ K(f) and A(/) = C \ D. 
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Lemma 4.15. Let a sequence of quadratic-like maps f n : U n — > U' n 
Caratheodory converge to a map f : U — > U' with connected Julia set. Then 
the maps <f>J^ converge to 0J 1 uniformly on compact sets K C C \ D. 

Proof. Let g n : V n — > be the external maps of / n , and g : F — ► V' be 
the external map of /. These maps can be selected in such a way that 

• The g n Caratheodory converge to g (by Lemma 4.4); 

• The dV n are smooth quasi-circles with bounded dilatation (see [McM2, 
Prop. 4.10]; 

• The curves dV n uniformly converge to dV . 

Hence for any r > 1 there exists an m G N such that eventually <?^ m V C D r . 
Moreover, since the critical point of / is nonescaping, N(f n ) — > oo. Hence 
A(/ n ) DC \ Sn" 1 ^ for n big enough. Altogether it follows that for any r > 1, 
A(/ n ) D C \ D r for n big enough. In other words, all functions <p>~ 1 are 
eventually defined on any C \ D r , r > 1. 

Moreover, these functions form a normal family on each domain C \ B r . 
Indeed, the (3- fixed points (3 n of the f n converge to the (3- fixed point of /, 
and hence stay away from and oo. Since \nKp~ 1 does not assume the values 
{0, Pn}, the statement follows from Montel's theorem. 

Take any limit function ip of the family {</>^ 1 }. It is defined on the whole 
complement C \ D of the unit disk. We need to show that ip = (fij 1 . 

If f m z €U'\U then for all sufficiently big n, f™z G U' \ U as well. As 
N(fn) oo, we conclude that fi(/ n ) is eventually contained in any neighbor- 
hood of K(f). Hence the Im0 contains C \ K(f). 

On the other hand, if limp n K(f) / 0, then haip n J{f) + 0. But then 

(4.H) W.- 1 n J{f n ) + 

since the Julia set depends lower semi-continuously on a quadratic-like map 
(as the repelling periodic points are stable under perturbations). But (4.11) is 
absurd. 

Thus im?/> = C \ K(f). By the normalization at oo, tp must coincide 
with (fij 1 . □ 

4.8. Banach slices of the foliation T . Let us say that the leaves 7i c 
depend C l -continuously on c G Mq if for any Co G Mo, go £ £> and a Banach 
slice Sy 3 <7o, there exist a Banach neighborhood V = £v(go,s) and a Banach 
slice Bjj 3 fo such that i c V C and 

(4.12) Di c (g) Di C0 ( 5 ) as c ->■ c , c G M , 

where the convergence is understood to be in the Banach operator norm, and 
where it is uniform over g G V. 
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Lemma 4.16. The leaves H c depend C -continuously on c G Mq. 

Proof. By the product structure of the foliation T (Theorem 4.13), the 
leaves depend G°-continuously on c G Mq: For any Co G M, go £ £j and a 
Banach slice £y 9 go, there exist a Banach neighborhood V = £y{go,e) and a 
Banach slice Bjj 3 fo such that i c V C £>(/ and \\i c {g) — ic {g)\\u - ► as c — > Co, 
c G Mo, uniformly over j £ V. Now the Cauchy inequality (see Appendix 2) 
yields (4.12). □ 

A Banach slice Ty of the foliation T is the restriction of T to the Banach 
space By, so that the leaves of Ty are Hy(f) = H(f) H By, f G C. We 
will show that the sufficiently deep Banach slices of T are still foliations with 
complex codimension-one analytic leaves (in the corresponding Banach space). 

Let E v (f) = E h (f) n By(f) denote the slices of the horizontal spaces 
(4.5). Since the codimension of a subspace does not drop after restriction to 
a Banach slice (by the density property CI from Appendix 2), the E v (f) are 
codimension-one subspaces in By. 

Lemma 4.17. For any fo G C there exists a domain Vq G V/ such that 
for any V C Vq, V G V/ , the slice Ty near fo is a foliation in By with complex 
codimension-one analytic leaves. 

Proof. Let us first assume that fo G intC, so that cq = x(fo) £ intM. By 
Lemma 4.8, T is analytic near fo- Hence it has a local analytic transversal S 
parametrized near cq by / = 0(c), where x ° 4> = id. Being a one-dimensional 
submanifold in QQ, S locally sits in some Banach slice By. 

Let us consider the Banach slice Ty. The leaves of this foliation-to-be 
are the fibers of the straightening xv '■ QGv C, which is analytic near fo. 
Since Xv\S = x\$ is nonsingular, it is a submersion near fo- By the Implicit 
Function Theorem in Banach spaces (sec [Dl], [Lang]), the fibers of XV form 
a codimension-one analytic foliation in QQy near fo- (Note that the only 
requirement on the slice By is that some local transversal S should sit in it). 

Let now fo G dC, Co = x(/o), Co = n(/o) G Ho, where the projection II 
: QQ — > Tto is defined by (4.4). The vertical line E v {fo) is naturally embedded 
into the space B(fo) and hence into some Banach slice Bu 3 fo- Let us take a 
neighborhood U C Bjj which is analytically projected by IT into some Banach 
neighborhood 

V C B v = Ho n By = {/ G By : /(0) = 0} 

of G . Then 

(4.13) Dn(4(/))cT ntf) v«B° Vl feu. 

For c G Mo near Co, let us consider immersed submanifolds X c C QQ 
parametrized by / = I C {G) over V (recall that I c = i c o ir : Ho —> H c ). 
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By Lemma 4.16, these manifolds sit in some Banach slice Bw ^ Bjj an d 
C 1 converge there to X Co as c — > cq, c G Mq. Hence the tangent planes 
Tyy(f) C Bw to X c at / = I C (G) are almost parallel to the tangent plane 
%(/o) C £w to at /o (once / is sufficiently close to /o in £?t/). Let us 
shrink U so that this takes place for all f £U. 

Now consider the following decomposition: Bw = E w (fo)®E v (fo). For a 
vector u G £>w, let u /l and u 1 " stand for the horizontal and vertical coordinates 
of u with respect to this decomposition. Define the angle a = &ng w (u, E v (fo)) 
by 

tga = pj^, a€[0,7r/2]. 
\\ u \\w 

Since the spaces Tw{f) are almost parallel to TV(/o) for f £ U, the angle 
between any u G Tjy(/) and E v (fo) in 23^ stays away from 0. If this it actually 
belongs to TV(/) = T w (/) n Bu, then 

an g{7 («,^(/ )) > qtmg w (u,E v (fo)), 

where q = q(U,W) > 0. Indeed, ||u h ||;y > ||u h ||vK> while H^Hc/ x ||«||W) since 
all norms on a one-dimensional space are equivalent. Thus for f EU, the angle 
between Tjj(f) and E v (fo) in ,8;y stays away from as well. 

But by (4.13), C Tu(f). Hence, the horizontal spaces also 

have a definite angle in £>[/ with the vertical line E v (f ). 

Let us now consider a local coordinate system in U provided by the de- 
composition Bjj = Ey(fo) © E v (fo). Without loss of generality we can as- 
sume that U has a local product structure with respect to this decomposition, 
U = U h xU v . Let L(f) C Bu stand for the vertical lines through / G U 
parallel to E v (fo). As we have shown, these lines have a definite angle with 
the horizontal subspaces. In particular, for f & U HintC, L(f) provides a local 
transversal to T in the slice B\j. As we have shown above, this implies that 
Ty is a codimension-one analytic foliation near /. Hence the leaf Hu(f) is the 
graph of an analytic function tpf with a bounded slope over U h . 

Take now a point / G U and approximate it with a sequence f n — > /, 
f n G U n intC. Then the slices TCu(fn) uniformly converge in Bw to Ttu(f). 
Hence the functions ipf n uniformly converge to a function ipf parametrizing 
the slice Hu(f) (note that this statement does not depend on the choice of 
topology on lA h ). Since the uniform limit of analytic functions is analytic, we 
conclude that 'Hu(f) is a codimension-one analytic submanifold in Bjj. 

Finally, the map / i-> (p h (f),ipf(fo)) G U h x L(/ ) (where p h : Bu -> 
E v (fo) stands for the horizontal projection) provides a local topological straight- 
ening of Tjj. □ 
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4.9. Extension of the foliation. Let us show that the foliation Ty admits 
a local smooth extension beyond C. The leaves of this foliation are given by 
the position of the critical point in an appropriate local chart. 

Theorem 4.18. For any f G C and any Banach slice By 3 f , U G V/, 
as in Lemma 4.17, there exists a Banach neighborhood U C By of /o such 
that the foliation Ty admits an extension to IA (with codimension-one complex 
analytic leaves) which is smooth onU\C. 

Proof. Let us take a Banach slice Bjj 3 fo as in Lemma 4.17, so that 
Ty is a Banach foliation. Let Go = n(/o) where LI : QQ — ► Hq is projection 
(4.4) associating to a map / G QQ the map G G Ho in the same vertical fiber. 
Then there exist Banach neighborhoods U C By and W C Hoy C Wo such 
that n(^/) C W. In what follows the neighborhoods and W will be shrunk 
several times without change of the notation, keeping the above inclusions. 

Let us select a fundamental annulus Aq = V ' \ Vo for Go with a piecewise 
smooth boundary supplied with an invariant real analytic foliation by equipo- 
tentials. Then by Lemma 4.2, for maps G G Hoy sufficiently close to Go, 
there is a choice of the fundamental annulus Aq holomorphically moving with 
G so that this motion respects the boundary dynamics and is smooth in both 
variables. This holomorphic motion admits an extension to a hybrid conju- 
gacy ha ■ C — ► C between Go and G holomorphically depending on G. Let 
vq = h G a be the corresponding holomorphic family of Beltrami differentials. 

Recall that for / C, £(/) denotes the position of the critical value in the 
external model (see §3.3). Let us transfer this point to the G-plane: 

(4-14) a f = R G \af)), 

where G = n(/) and Rq : C \ K{G) — > C \ D is the Riemann mapping with 
positive derivative at oo. 

Take some point oq G V ' \ K(Gq). By Theorem 3.4, there exists a 
quadratic-like map — > Ul with disconnected Julia set such that n(/*) = 

Go and = oq. Consider the equipotential Lo C Vq through G () 1 (ao) and the 
corresponding figure eight curve 7* C U* centered at 0. Transfer the conformal 
structures vq to the exterior of 7* and pull it back by the iterates of /*. We 
obtain a holomorphic family fiQ of /^-invariant conformal structures, and the 
corresponding qc deformation fa of /* analytically depending on G. We define 
the leaves of the desired extension of T as the Banach slices of the holomorphic 
families {fc}gew- 

Let us show that for two different maps /* 7^ /* in the same vertical fiber 
(i.e., n(/*) = ![(/*) = Go), the corresponding families fa and fa are disjoint. 
Since H{fc) = G, they can intersect only at a point with the same G. But 
a fa = ^g(°o)) since the deformation fa was obtained by lifting the Beltrami 
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differential of ho- Hence aj G / , and the statement follows from Theorem 
3.4. 

Let us now consider the horizontally analytic tubing over W: 

(4.15) * : W x A(l,4) -► V= (J Vfe, * G : A(l, 4) V G , 

such that the graphs G i— > VI/g^) coincide with the orbits if the holomorphic 
motion £ ha(Q (see Lemma 4.2 and (4.3)). Moreover, (G, z) i— ► ^g*^) is 
smooth in two variables. Then the leaves of the extension of T to £Y \ C are 
the fibers of the smooth map 

(4.16) /"*E(fl(«/)- 

This map is a submersion, since its restriction to any vertical fiber is a diffeo- 
morphism. Hence its fibers form a smooth foliation. 

Finally, the leaves of this foliation are complex analytic since they are the 
Banach slices of complex analytic families, and hence have complex tangent 
spaces. □ 

4.10. T is transversally quasi- conformal. Let us say that the foliation T 
is transversally quasi- conformal if the holonomy between two transversals S 
and T is locally a restriction of a qc map. Dilatation of the holonomy at p € S 
is defined as the infimum of the dilatations of the local qc extensions. Let 

mod(5) = inf mod(/). 

Theorem 4.19. The foliation T is transversally quasi- conformal. The 
dilatation of the holonomy between two transversals S and T depends only on 
\i = min(mod(5), mod(T)). 

Proof. Let us take two transversals S and T to a leaf H of the foliation 
and a Beltrami path 7 in H joining two intersection points. Being compact, 
this path is contained in finitely many Banach slices (Lemma 11.6), whose 
number TV depends only on fj,. Hence by Lemma 4.18 this path can be cov- 
ered by finitely many Banach balls Bv x (fi,£i) such that T extends to the twice 
bigger balls By^/j, 2ej). Thus the holonomy between S and T can be decom- 
posed into N Banach holomorphic motions, which extend to the twice bigger 
domains. By the A-lemma (see Appendix 2), each of the Banach motions is 
locally transversally quasi-conformal with uniform dilatation. □ 

Taking the quadratic family Q as one of the transversals, we obtain: 

Corollary 4.20. Let us consider a complex one- dimensional transversal 
S = {fx} to T in QQ. Then the straightening x '■ <5 — ► Q is locally K- 
quasi- conformal, with K depending only on mod(<S). Moreover, K — > 1 as 
mod(5) — > 00. 
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Remarks. 1. From the above point of view, the "miracle" of continuity of 
straightening in the quadratic-like case (see Douady [D2] ) is directly related to 
the miracle of the A-lemma. Note also that the source of discontinuity of the 
straightening for higher degrees is the failure of the A-lemma for foliations of 
codimension bigger than 1. 

2. The foliation T is not transversally smooth. For example, take the 
Ulam-Neumann quadratic P = P_2 : z i-> z 2 — 2 with a postcritical fixed point 
(3 = 2. Approximate it with superattracting parameter values c n — ► —2, for 
which P*(0) > 0, k = 2, . . . ,n - 1, while P„(0) = 0, where P n = P Cn . Then 
c n — 2 x 4 _n , where 4 is the multiplier of (3. 

Let us now take another quadratic-like map / G K_2 in the same hybrid 
class. Then in the vertical fiber Zf there is a sequence of superattracting maps 
f n £ 7~(-c„ converging to /. Now the rate of convergence will be A~ n , where 
A is the multiplier of the /3-fixed point of /. Since the latter can be made 
different from 4, the holonomy c n i— > f n is not smooth at —2. (To see that the 
multiplier can be efficiently changed in the hybrid class of P, consider, e.g., 
a quadratic-like deformation P + eQ, where Q is a polynomial with roots at 
0,-2,2, and Q'(2) / 0.) 

For the same reason the foliation is not smooth at other Misiurewicz 
points. Quasi-conformality seems to be the best transverse regularity of T 
which is satisfied everywhere. However, we will prove in subsections 7.2 and 
9.3 that T is transversally smooth at Feigenbaum points. 

4.11. Full families. Let D be a Riemann surface. Consider a quadratic- 
like family S = {f\},\ £ D, over D, i.e., a complex analytic one-dimensional 
submanifold of QQ parametrized by D. Such a family is called full if its 
Mandelbrot set Ms = S n C is compactly contained in S. It is called unfolded 
if the straightening x '■ Ms — > Mo is injective. 

If D is a topological disk then by definition, the winding number of a full 
family over D is the winding number of the critical value A i— > /a(0) around 
the critical point as A runs once around a Jordan curve in D which is close 
to dD in the Hausdorff metric. 

Theorem 4.21 (Douady and Hubbard [DH2]). Let S be a full quadratic- 
like family over D . 

• If S is unfolded then the straightening x ■ <5 — ► Mq is a homeomorphism; 

• If D is a topological disk then S is unfolded if and only if it has winding 
number 1. 

4.12. Vertical fibers. Recall that the external fibers Z g = ir~ 1 g, g G S, 
are the fibers of the projection it : QQ — > £ . Let M g = Z g n C. In this section 
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we will show that the external fibers are complex analytic curves. This is 
natural to expect since by Lemmas 4.4 and 4.5, ir is a submersion. However, 
since the Implicit Function Theorem is not available on the manifolds under 
consideration, we will give a special argument. First let us show that the fibers 
are topological curves: 

Lemma 4.22. Let g G 8. Then there is a neighborhood N of the Man- 
delbrot set Mq and a continuous injection 7 : N — > Z g such that for c G Mq, 
7(c) = i c (g)- 

Proof. By Theorem 4.13, the map Mq — > Z g , c *— ► i c (g), is a homeomor- 
phism onto M g . Let us extend it beyond Mq. 

We select a representative g : V — > V and conjugate it to Pq : z z 2 by 
a qc diffeomorphism 

1>:(V'\B, nB)-(A(l,4),A(l,2)). 

Let ficC \ Mo be a collar around Mo bounded by 8Mq and the parameter 
equipotential of level 4. We parametrize a collar around M 9 in Z g by f2 as 
follows: 

(4.17) 7 = r 1 °^" 1 °e 

Since the middle map is smooth and the two others are conformal (by Lemma 
4.14), 7|f2 is smooth as well. We will now show that it continuously matches 
c l— ^ ic(flO 011 Mo (adopting the Douady and Hubbard argument for continuity 
of the straightening [DH2]). Let c(k) G J) converge to G 9Mo, = 7(P Cfc ). 
For c £ fl, P c is i^T-qc conjugate to / c = 7(P C ) with K = Dil-0. Hence the 
sequence {fk} is pre-compact and any limit / of this sequence is qc conjugate 
to P Ct . But since c G 9Mo , P Ca , does not have invariant line fields on the Julia 
set (see §10.2). Hence / is hybrid equivalent to P Ct . Thus x(f) = c * an< i 
vr(/) = g, and / is uniquely defined. It follows that f c r k \ — > /. □ 

Theorem 4.23. T/ie vertical fibers Z g , g £ £, are complex analytic 
curves. 

Proof. Let £ = First of all, by Lemma 4.8, in the interior of C the 
mating c 1— > i c (g) provides a complex analytic parametrization of Z. 

Second, by Lemma 4.14, Z\C admits a complex analytic parametrization 
by the Riemann surface S g , so that Z \ C is a holomorphic curve. 

Let us prove that Z is analytic near any fo £ ZnC. To this end, consider 
the decomposition 

B(fo)~T fo Qg = E h (BE v 

into the horizontal and vertical subspaces at /o; see Lemma 4.7. Let p h 
: B(fo) — > -E^ and p u : S(/o) — ► ^ stand for the corresponding projections. 
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Let us first show that p v : Z — > E v is injective near fo. Consider the map 

A:U^E h , A = Cott, 

where U is a neighborhood in B(fo), and C = Di a (g) with a = x(fo)- Then 
Di(/o)=A 

For u <E E v , let ={ft£ #(/o) : p v (h) = u} stand for the hyperplane 

via u parallel to E h = H(0). Consider the restrictions A u of A to these hyper- 
planes (defined on appropriate neighborhoods). Since all of these hyperplanes 
are naturally isomorphic, A u can be viewed as acting on the same space E h . 
Then DAo = id and by smoothness of A, 

(4.18) DA„(/)^id as u 0, / f . 

Take now a Banach slice By 3 fo containing a neighborhood of fo in i?. 
Let /i G -Ey and \\h\\v < 1- By Lemma 11.5, for any e > there exist domains 
W <s 17 is F in the family V/ such that 

(4.19) \\h\\ w > \\h\\tf<. 
By (4.18), 

DA u (f)heE^ and ||D4»(/)/i||w > ^\\h\\ w , 
provided (u, /) is close to (0, /o). Together with (4.19) it yields: 
(4-20) \\BA u (f)h\\w > qWHtf 5 , 

with some q > 0. 

Let us take some / 6 Z near /o, so that Af = fo. Then 

Mf + h) = fo + T>Mf)h + 0(\\h\\h), 

where the big O is uniform for (u, /) near (0, /o). Incorporating (4.20), we 
obtain: 

IKa + ^-Zollw^flNI^. 

Hence A u (f + h) ^ fo for small enough h ^ 0. It follows that 7r(/ + h) ^ 
7r(/) = <7 either, so that f + h ^ Z. 

Now, the projection : Z — > E"' is injective near fo- But by Lemma 4.22, 
Z is a topological curve. By the Open Mapping Theorem, the image p v Z 
covers a neighborhood of 0. Thus, Z near fo is the graph of a continuous map 

ij-.E V ^ Ey. 

Let us show that ip is differentiable. Select points u and u + Au on E v , 
and the corresponding points / = ip(u) and / + Af = ip(u + Au) on Z. Let 
B = DA(f). Then 

= A(f + Af) - A(f) = B ■ Af + 0(||A/||pJ, 
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so that 

(4-21) \\B.Af\\ w = 0(\\Af\\ 2 n ). 

Note that the projection p v : E v (f) — ► E v is nonsingular since E v (f) is close 
to Hence there exists a linear map L : (E v ,0) — ► (B(fo),f) parametrizing 
the line such that Lo P v \E v {f) = id. Then p v f = u = p v {Lu) and 

+ A/) = u + Au = p"(L(« + Au)). Hence 

(4.22) A/ = L • Au + 

where u> G -Ey is a horizontal vector. Applying 5 (taking into account that 
£ • L = 0), we conclude that B ■ Af = B u. Together with (4.21) this yields: 

\\Bu\\ w = 0{\\Af\\l). 

But according to (4.20), g||u;||^ +£ < ||.Ba;||w. Hence 

(4-23) ||u;||n = o(||A/||n). 

Together with (4.22) this yields: 

||L-A«|| n >i||A/|| n . 

But since all one-dimensional norms are equivalent, \\L ■ Au||n x ||An|| (with 
any choice of the latter norm). Hence ||A/||n < const • ||Au||. By (4.23), 
II^IIq = °(||Au||). By (4.22), ip is difFerentiable as a curve in Bq. 

Thus, the external fibers are differentiable smooth curves. Since they have 
complex tangent lines, they are analytic. □ 

Corollary 4.24. The vertical fibers are full unfolded quadratic-like fam- 
ilies. 

4.13. The transversality criterion. The following lemma will give us an 
efficient way to check transversality of one-parameter families to the foliation 
T: 

Lemma 4.25. Let us consider an analytic one- dimensional submanifold 
S = {f\} in QQ , /o = f\ G C. If the straightening x is locally injective on 
M. = S H C near /o, then S is transverse to the foliation T at /o- 

Proof. Injectivity of the straightening means that S intersects the leaves 
of T at single points. We should show that this yields transversality. Taking a 
Banach slice locally containing S and using Lemma 4.17 we reduce the situation 
to the Banach setting. By the Hurwitz Theorem (see Appendix 2), S is either 
transverse to T near /q or persistently tangent. But by the Intersection Lemma 
from the same appendix, the latter is impossible in intC where by Lemma 4.8 
the foliation is transversally analytic. As intC is dense in C, the conclusion 
follows. □ 
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Thus full unfolded quadratic-like families (in particular the external fibers 
Z g ) are transverse to the foliation T and we conclude: 

Theorem 4.26. If S is a full unfolded quadratic- like family then the 
straightening \ '■ Ms — > Mq is a qc homeomorphism. Moreover, the dilatation 
of the straightening depends only on mod(5) and tends to as mod(5) — ► oo. 



5. Renormalization, bounds and rigidity 

5.1. Little Mandelbrot copies. Let us consider a hyperbolic component 
H of the Mandelbrot set Mq centered at the superattracting parameter value 
c G H. Douady and Hubbard [DH2], [D2] proved that H originates a "(little) 
Mandelbrot copy" M = M c canonically homeomorphic to the whole set. Let 
a = o~m '■ M — > Mq be the corresponding homeomorphism. It transforms 
the component H to the domain Hq bounded by the main cardioid of Mq, so 
that cr(c) = 0. The inverse homeomorphism Mq — ► M c is called tuning and is 
denoted as z i— > c * z (see Milnor [M] ) . 

A basic combinatorial parameter of the Mandelbrot copy M = M c is its 
period pu = Pc defined as the period of under P c . Except for the period 
doubling, there are several Mandelbrot copies with the same period. They are 
distinguished by their combinatorics, i.e., the Thurston type of the superat- 
tracting map P c (see [DH3]). Note that M c determines c as the superattracting 
parameter value in M c with the smallest period. Thus we can use the copy 
itself to label the combinatorics. 

The root ru of M is the point corresponding to the cusp 1/4 G M under 
the homeomorphism a. A little Mandelbrot copy is called primitive if it is not 
attached at its root to any other hyperbolic component (geometrically it is 
recognized by the cusp of the originating component H at its root). Otherwise 
it is called satellite (for such components, dH is smooth at the root) . 

Let M = M in the primitive case, and M = M\ {r M } ("unrooted" M) 
otherwise. 

A Mandelbrot copy M c is called real if c £ R, or equivalently M c is sym- 
metric with respect to R. The combinatorics of a real copy M c with period 
p = p c is determined by the order of the points 0, P c (0), . . . ,PJ 3_1 (0) on the 
real line. 

A Mandelbrot copy is called maximal if it does not belong to any other 
copy except Mq itself. These copies are pairwise disjoint, and any other copy, 
except Mq itself, belongs to a unique maximal one (compare with the discussion 
of maximal renormalizations in the next section). All maximal copies are 
primitive except for the ones attached to the main cardioid. In particular, all 
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real maximal Mandelbrot copies are primitive except for the one corresponding 
to the doubling bifurcation (i.e., with period 2). 

All the copies M / Mq are obtained from Ma by iterated tunings 

(5.1) M = q * . . . ci * M = (J-) o . . . o o^M , 

where = M Ck are maximal Mandelbrot copies. Thus any two Mandelbrot 
copies are either disjoint or nested. 

Let N stand for the full family of the little Mandelbrot copies (not includ- 
ing Mo itself), which is naturally identified with the set of all super attracting 
parameter values except 0. We will use C to denote a subfamily of pairwise 
disjoint copies of N. Let A/" max stand for the family of maximal Mandelbrot 
copies. 

5.2. Re-normalization. For M G M, let T M = X~ X M C C (resp. T M = 
X _1 M C Tm) stand for the union of the hybrid classes via M (resp. M). These 
sets will be called the (horizontal) renormalization strips. The strips Tm are 
closed (for instance, by the Product Structure Theorem 4.13). The renormal- 
ization strip is called maximal if it corresponds to a maximal Mandelbrot copy. 
Note that the maximal renormalization strips are pairwise disjoint. 

There is a canonical renormalization operator Rm '■ T M — > C defined as 
the p = pM-fold iterate of / restricted to an appropriate neighborhood U 
of the critical point, up to rescaling. This neighborhood is selected in such 
a way that g = f p \U is a quadratic- like map with connected Julia set, and 
moreover the "little Julia sets" f k K(g), k = 0, 1, . . . ,p— 1, are pairwise disjoint 
except, perhaps, touching at their /3-fixed points (see [D2], [DH2], [L2], [McMl] 
for an extensive discussion of this notion). The maps / £ T M are called 
renormalizable with combinatorics M. 

Among all renormalizations of a map / there is the maximal one, with 
the smallest possible period (see [L2, §3.4], [McMl, §7.3]). It corresponds to 
the maximal renormalization strip containing /. Decomposition (5.1) can be 
rewritten as follows: 

Rm = Rm 1 o . . .o R Ml , 

where the RM k are maximal renormalizations. In this sense any renormaliza- 
tion is induced by maximal ones. 

Let us consider a family C C N of pairwise disjoint Mandelbrot copies, 
e.g., C = A/"max- The operators Rm, M £ C, can be unified into a single 
operator 

R C : (J r M^C 

Mec 

whose restriction to a strip T M coincides with Rm- All operators Rc are 
induced by the maximal renormalization operator i? max corresponding to the 
family C = M ma , x . 
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Similarly, the homeomorphisms o~m '■ M — > Mq, M £ C, can be unified 
into a single map 

a c : [j M ^ M . 

Mec 

The latter homeomorphism is the quotient of the renormalization by the straight- 
ening x '■ C — > Mq: 

(5.2) a|M = X °Rc\M. 

(Note that i?£ is not defined at the roots of satellite components, while a is 
extended over there.) 

If C is a finite family then Rc is called a renormalization operator of 
bounded type. If C = {M} consists of a single Mandelbrot copy then Rc = Rm 
is called the renormalization operator of stationary type. 

We finish with the following useful fact: 

Lemma 5.1 (de Melo-van Strien [MvS, p. 440]). The renormalization 
operator R max is injective on the real slice of its domain. 

5.3. Analytic extension. For any /o G T M and any Banach slice By D /o, 
the renormalization i?M admits an analytic extension to a Banach neighbor- 
hood Bv(fo, e). That is, we take a quadratic-like representative go = /g : U — * 
U' of the renormalization Rm/o with ^ <e V. Then for / sufficiently close 
to fo in the Banach space By, the restricted iterate g = f p \U represents a 
quadratic-like germ. Set by definition Rm(I') = 9, up to rescaling. 

As RmI is the normalized restricted iterate of /, Rm '■ Bv(foi^) — * QG 
is complex analytic. For instance, let us consider the doubling case when 
RmI corresponds to f 2 . It is a composition of the second iterate operator 
L : f ^ f 2 \U, f : z i— > c + z 2 + . . . and the normalization operator N. The 
former operator is obviously complex analytic with the differential 

DL(/)u=(/'o/). V + t;o/|l7, 

where v : z i— ► 8 + az 3 + • • • is a vector field on V with vanishing first and 
second order terms. The normalization operator / \f(\~ 1 z), where A = 
A(/) = /"(0)/2, is certainly analytic as well. (Note that iV transforms a small 
Banach neighborhood Bv(f,s) to a Banach slice By/, where W is a slightly 
shrunken domain XV). 

Lemma 5.2. There exists a p > and a neighborhood Um = Um{p-,p) 
of the renormalization strip T M (fx) in some slice QG(n,p) such that the renor- 
malization Rm admits an analytic extension to Um- 

Proof. Take a p = p(p) > such that C(p) C QG(p, p/2). Select a Montel 
distance distM on QG(p,,p), and take a small 7 > 0. For any renormalizable 
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quadratic-like map g : U — ► U' with mod(f7' \ U) > p/2 > 0, we have con- 
structed local analytic extensions R g of the renormalization Rm to the Banach 
neighborhood Bjj(g^). We need to show that these local extensions glue to- 
gether to form a single operator. 

If 7 is sufficiently small then for all g as above and all / G Bu(g, 7): 

(i) mod(R g f) >v = v(ji) > 0; 

(ii) R g f € QG^, and the connected filled neighborhood £l £ {J{R g f)) from 
(3.1) can be selected with an e independent of /. 

These properties follow from compactness of C(p) and the fact that the same 
renormalization domain can be used for a perturbed map. 

Let us take a germ / G QG(p,p) \ C. Assume there are two representa- 
tives R\f = Rgif : V\ — ► Vj and Rif = -R 92 / : V2 — ► V 2 ' satisfying (i) and 
(ii) (where possibly #i and #2 represent the same germ). Then — gi\u 
< 27, and hence distM(-R<7i, R92) < S = £(7), where 5 — > as 7 — > 0. But 
distM^Rif, Rgi) < 5 as well. Thus distM(-Ri/, -R2/) < 3(5. 

Since the Julia set </(/) depends semi-continuously on the map (see [D3]), 
both points and R\f(0) = #2/(0) are contained in the same connected com- 
ponent of the intersection £l e (J(Rif)) n f2 £ (J(i?2/)) (provided 5 is sufficiently 
small). As ^3 £ (J(-Ri/)) U &3e(J(R2f)) is contained in a connected component 
of Vj n V^', the maps : Vi — > V{ and #2/ : V2 — > V^' represent the same 
germ. □ 

In what follows, referring to the analytic extension of i?M beyond 7m, we 
will mean the above extension to Um(p,p) for some p > 0, p > 0. 

5.4. QC Theorem. Let us pick a map / £ and a complex tangent 
line 75* C £(/) transverse to the leaf H{f), so that E* © T/W(/) = B(f). We 
say that R is transversally nonsingular at / if the restriction of the differential 
Di?y to .E* is nonsingular. (Since the foliation T is i?- invariant, this definition 
is independent of the choice of E f .) 

Lemma 5.3 (Transversal nonsingularity) . The renormalization is trans- 
versally nonsingular at any f £ T^. 

Proof. Let S be a one-dimensional local transversal to T through /, and 
Ai = S PI Tjfr. Then the straightening x '■ M — > M is injective. Since a 
: M — > Mo is also injective, (5.2) yields the injectivity of x : -R(-M) — > Mo. By 
Lemma 4.25, is transverse to T at Rf. □ 

Douady and Hubbard gave a sufficient condition for the canonical home- 
omorphism a : M — > Mo to be qc ([DH2, Prop. 22]). We will show now that it 
is always so in the primitive case. 
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Lemma 5.4. A primitive copy M of the Mandelbrot set Mq is locally qc 
equivalent to the whole set Mq. 

Proof. Let us consider the analytic extension of Rm to a neighborhood 
D C C of M. 

By (5.2), the regularity of the homeomorphism a : M — > Mq is ruled by 
the regularity of the straightening x- By Theorem 4.19, the latter is locally qc 
on analytic transversals to J-. As the analytic family S = RD is transverse to 
T (by Lemma 5.3), the conclusion follows. □ 

Theorem 5.5 (The QC Theorem). A primitive copy M of the Mandel- 
brot set Mq is qc equivalent to the whole set Mq. 

Proof. We will use the notations of the previous lemma. The straightening 
X : RM — ► Mq admits a continuous extension to a neighborhood N of RM in 
the transversal S which is qc on N\RM (see [L4, Lemma 3.1]). By the Gluing 
Lemma from Appendix 1, this extension glues with the local qc extensions 
provided by Lemma 5.4 into a single qc homeomorphism (see Lemma 3.2 of 
[L4] for details). □ 

Remark. By the same argument, a satellite Mandelbrot set M is qc equiv- 
alent to Mq after removal of neighborhoods of the roots. Presumably the whole 
satellite set M is qc equivalent to the "one half of the Mandelbrot set Mq of 
the family z t— > Xz + z 1 . (Note that the latter is a holomorphic double branched 
covering of Mq by the map c = A/2 - A 2 /4 branched at A = 1 over the cusp 
c=l/4.) 

5.5. Combinatorial type. From now until the end of Section 5 we fix a 
family C C N of disjoint Mandelbrot copies, and let R = R^. A map / G C 
is called N times renormalizable by R (0 < iV < oo), if 

Rn f£\J T M> n = 0,l,...,N-l, and R N f€C. 

Mec 

The itinerary T^if) of such a map / is the sequence r(/) = {Mo, M±, . . . Mjv_i} 
of copies M n £ C such that R n f £ Tu n - One says that the combinatorics of 
such an / is bounded by p if p(M n ) < p, n = 0, 1, . . . , N. 

The itinerary r(/) = Too(/) of an infinitely renormalizable map is also 
called its combinatorial type. Two infinitely renormalizable maps are called 
combinatorially equivalent if they have the same combinatorial type. 

Let us now consider an orbit 

(5.3) {f n = R Mn i .....R M J = R n f}, 

where the maps f n can have a disconnected Julia set and the Ru k are under- 
stood as the analytic continuation of the renormalization. To keep the notation 
simple, we will still denote f n as R n f keeping in mind its meaning. 
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The combinatorial type of the orbit (5.3) is naturally defined as the string 
{Mo, Mi, . . .}. Somewhat loosely, it will also be called the combinatorial type 
of /. Accordingly two orbits as above (or the corresponding germs) are called 
combinatorially equivalent if they have the same combinatorial type. 

5.6. A priori bounds. A real quadratic-like map / is close to the cusp if 
it has an attracting fixed point with multiplier at least 1/2 (one can use any 
1 — e in place of 1/2 but then the bounds below will depend on e > 0). 

Theorem 5.6 (A priori bounds). Let f be a real N times renormalizable 
quadratic-like germ with itinerary tjv(/) = {Mo, Mi, . . . , Mjy_i}. Assume that 
p(Mfc) < p and mod(/) > v > 0. Then there exist fx = a(p) > and I = l{y) 
such that 

mod(R n f) > n > 0, n = l,...,N -1. 

Moreover, mod(R N f) > fi as well, unless the last renormalization is of doubling 
type and R N f is close to the cusp. 

An infinitely renormalizable germ is said to have a priori bounds if 
mod(R n f) > n > 0, n = 0,1,... . 

Corollary 5.7. Any real infinitely renormalizable quadratic-like germ 
f with bounded combinatorics has a priori bounds. More precisely, if the 
combinatorics of f is bounded by p and mod(/) > v > 0, then there exist 
n = u(ft) > and I = l(u) such that 

mod(R n f)>u, n = 1,1 + 1,.... 

Remark. The existence of a priori bounds for maps with bounded combi- 
natorics was proved in [MvS], [S2]. The refined finitely renormalizable version 
appeared in [LS], [LY]. The latter works actually prove that the above bounds 
are independent of p. 

For an n times renormalizable map fy : V — > V, let us say that a 
quadratic- like representative R n fv '■ V n — > is subdued to / if it is a re- 
stricted iterate of the map fy itself (so that no analytic continuation of / is 
allowed). The family of subdued quadratic- like maps represents the subdued 
renormalization germ which will also be denoted as R" fy. For a subdued germ 
g, mod(g) means the supremum of moduli of the subdued representatives. 

It is easy to see that if the renormalizations of a germ / have bounds 
R n f > M, n = 0, 1, . . . , N, then the subdued renormalizations have delayed 
bounds: 



(5.4) 



R n fv > A*/2, n = mod(V' \ V)), . . . ,N. 
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5.7. Combinatorial rigidity. An orbit {R n f = -Rm„_i • ■ • RM f}neN is 
called nonescaping if there exist p > 0, p > such that R n f £ UM n+1 (p, p) 
for all n £ N, where the UM n (p,p) are the domains of analyticity of the Rm„ 
constructed in subsection 5.3. We will also say that / is nonescaping (keeping 
in mind that this notion depends on the choice of branches Rm„)- In particular, 
/ has a priori bounds: mod(R n f) > p > 0, n = 0, 1, . . . . 

Lemma 5.8. // an orbit {R a f}^ } =0 ^ s nonescaping then f is infinitely 
renormalizable. 

Proof. Let f n stand for non-rescaled germs representing subdued renor- 
malizations R n fy . Since / = /y is nonescaping, there exist quadratic- like 
representatives f n = f r " :U n ^V n such that U n and V n have bounded geom- 
etry. 

Let us show diamC/ n — ► 0. Otherwise, there would be a disk B r contained 
in all U n . Since deg(/ rn |ID r )) < 2, ID r does not intersect the Julia set J(f). 
But then B r is escaping under iterates of /, so that the big iterates f Tn are 
not well-defined on 3 r . 

It follows that the Julia set J(f) is connected. Indeed, since </(/) H U n D 
j(/ n ) / 0, we have: dist(0, J(/)) < diamU n -> 0. Hence e J(/). For the 
same reason, all Julia sets J(f n ) are connected. 

By definition, f n+ \ = Ru n fn where Rm u means the analytic extension of 
the renormalization. But once J(/ n +i) is connected, f n is renormalizable and 
fn+i is its canonical renormalization. Hence / is infinitely renormalizable. □ 

Theorem 5.9 (Combinatorial rigidity). Consider two nonescaping germs 
fi and f'2 in QQ with bounded combinatorics. If f\ and f'2 are combinatorially 
equivalent then they are hybrid equivalent. 

Proof. By Lemma 5.8, f\ and f2 are infinitely renormalizable quadratic- 
like germs with a priori bounds. By the Rigidity Theorem of [L2], f\ and fi 
are hybrid equivalent. □ 

5.8. McMullen towers. Let —00 < I < < n < 00. By definition, an 
(I, n)-tower f (related to the renormalization operator R = R£) is a sequence 
of quadratic-like germs fk '■ V k — > U k with connected Julia set, k = I, . . . ,n, 
such that fk = fl'Li\Vk, where ffrL^Vk represents the renormalization Rfk-i- 
The germs can be simultaneously rescaled, so that fo can be normalized as 

z ^ c + z 2 + A tower is called infinite if — Z = 00, and it is called bi- infinite 

if — I = n = 00. 

The combinatorics r(f) of the tower f is the string {M;, . . . , M n _i} of 
little Mandelbrot copies such that xifk) £ M^. We say that the tower has a 
bounded combinatorics if there are only finitely many different copies in this 
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string. Let 

p(f) = sup p(f k ). 

l<k<n 

We say that combinatorics of the tower is bounded by p if p(f) < p. 
Let 

mod(f) = inf mod(/fc). 

l<k<n 

We say that a tower has a priori bounds if mod(f ) > 0. 

The space of towers is supplied with the weak topology: {c/ m ,k}k — gm — > f 

if: 

• Given a k, the coordinates g m ^ are eventually well-defined if and only if 
the coordinate /& is well-defined as well; 

• For each k with a well-defined <7 mj fc — > as m — > oo. 

Note that, in particular, finite towers can converge to an infinite one. 
By means of the diagonal procedure, Lemma 4.1 yields: 

Lemma 5.10. Take p and p, > 0. The set of towers with p(f) < p and 
mod(f) > (i > is sequentially compact. 

The filled Julia set K(f) of a tower is defined as the union U K(ff t ) (without 
the closure). 

Theorem 5.11 (Hairiness of the Julia set [McM2]). Iff is an infinite 
tower with bounded combinatorics and a priori bounds then the filled Julia set 
K(f) is dense in C. 

Two (Z,n)-towers f and g are called topologically conjugate if there is a 
homeomorphism h defined in a neighborhood of K(f) which simultaneously 
conjugates each to g^. A self-conjugacy of some tower with itself is called 
its automorphism. The last theorem together with Lemma 3.5 yield: 

Corollary 5.12 (No automorphisms). An infinite tower f = {fk} with 
a priori bounds and empty 'mtK(fo) does not admit nontrivial automorphisms. 
In particular, bi-infinite towers with a priori bounds do not admit nontrivial 
automorphisms. 

If a conjugacy h between two towers can be selected to be quasi-conformal 
then the towers are called qc conjugate. If additionally dh = a.e. on K(f) 
then the towers are called hybrid equivalent. 

Lemma 5.13. Two towers f = {fk}^=i an d g = {9k}k=i w ^ bounded 
combinatorics and a priori bounds are qc equivalent if and only if all pairs fj~ 
and gk are K-qc equivalent with uniform K . 
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Proof. Since a qc conjugacy between f k and g k serves as a qc conjugacy 
between f s and g s for all s > k, the statement is not totally obvious only when 
I = — oo. 

First note that by Lemma 3.6, f k and g k are L-qc conjugate by a map 
h:V k ^U k such that m.od(V k \K(f k )) > v > and mod([/ fc \-^(5fc)) > ^ > 0, 
where v = u{^) > 0, and L = L(K,n). 

Second, the diameters of J(f k ) and J(g k ) grow exponentially as k — > — oo 
(see [McM2, Prop. 8.1]). 

It follows that the domains U k and V k exhaust the plane as k — > — oo. Since 
the space of normalized K-qc maps is compact, we can select a subsequence 
converging to a conjugacy between the towers. □ 

Theorem 5.14 (The Tower Rigidity Theorem [McM2]). 

(i) If two bi-infinite towers with bounded combinatorics and a priori bounds 
are quasi- conformally equivalent then they are affinely equivalent. 

(ii) If two infinite towers {f k } k ^ and {fk} k =$ with bounded combinatorics 
and a priori bounds are quasi- conformally equivalent and x(fo) = x(/o); 
then they are affinely equivalent. 



6. Hyperbolicity of the renormalization 
(the stationary case) 

6.1. A renormalization fixed point and its stable manifold. Throughout 
this section R = Rm will stand for a renormalization operator with stationary 
combinatorics M G N. 

Let us consider a renormalization fixed point /*, i?/* = /*. 

Definition 6.1. Given an invariant set W C QQ, let us say that the orbits 
of W uniformly exponentially converge to /* if for any quadratic-like germ 
/ G W, the orbit {-R n /} n >iv(mod(/))) belongs to some By 3 /* and uniformly 
exponentially converges to /* in this Banach space: 

\\R n f-f*\\v<Cq n - N , 

where C > and q € (0, 1) are independent of /. 

Remark. Since the property of exponential convergence is Holder invari- 
ant, it can be understood in the sense of the natural Holder structure on the 
precompact sets W(/x) (see §11.3). 

Let us define the stable manifold of /* as 



W\U) = Wt = {feQG: R n f - /*}. 
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The following theorem summarizes results of Sullivan [S2] and McMullen 
[McM2], and the author ([L2] and this work). 

Theorem 6.1 (Stable Manifold). Assume that there exists an infinitely 
renormalizable (under the operator R) map F with a priori bounds. Then the 
operator R has a unique fixed point /*. The stable manifold = W s (/*) of 
this point is a complex analytic submanifold in QQ of codimension 1 coinciding 
with the hybrid class TL* = 7i(f*). The orbits in W'l uniformly exponentially 
converge to /*. 

Proof. The maps F and RF are combinatorially equivalent and have a 
priori bounds. By the Combinatorial Rigidity Theorem, they are hybrid equiv- 
alent, so that the hybrid class H* = H(F) is /^-invariant. 

By Lemma 4.1, the orbit {R n F}'^ = Q is pre-compact, so that its a;-limit 
set O is compact. Since R\Cl is obviously surjective and mod(<?) > [i > 
for all g G ft, any / = /q € O can be included into the two-sided tower 
f = {fk ^ ^}fc^=-oo w ^h stationary combinatorics and a priori bounds. 

Take two such towers f and g. Since fk and gu belong to the same hybrid 
class H.*, by Lemma 5.13, these towers are quasi-conformally equivalent. By the 
Towers Rigidity Theorem, they are affinely equivalent. In particular, f$ = go, 
so that Q consists of a single fixed point /* = /o- 

It follows that R n f — > /* for any / G H*. Moreover, this convergence is 
uniform in the following sense: 

Statement. There exists a quadratic-like representative /* : V — > V with 
the following property. For any v > and e > 0, there exists an N = N(v, e) 
such that: If mod(/) > v > then for n>N, R n f G Bv(f*,e). 

Note first that Lemma 3.6 and the fact that a conjugacy between and 
/ restricts to a conjugacy between their renormalizations imply that R n f G 
H*(rj), n = 0, 1, . . ., where rj = rj(v). Let us show that distM(-R n /, /*) < £ for 
n > N(v,e), where distM is the Montel distance on W*(ry). 

Otherwise we would find a sequence of maps f m G H*(v) and moments 
n m — > oo such that distM (R nm f m , /*) > S. Let h m = R nm f m . Consider 
towers h m = {R k h m }'j£L_ n . As these towers have a priori bounds, by the 
Compactness Lemma 5.10 we can select diagonally a sequence converging to 
a two-sided tower with a priori bounds. Since distM^m, /*) > this tower is 
different from the stationary tower (...,/*,/*,/*,...)> which contradicts the 
rigidity of towers. 

Moreover, there exists a quadratic-like representative /* : V — > V 
(a priori depending on v) such that R n f G Bv(f*,£) for n > N(y,e). Other- 
wise let us consider a nested sequence V\ D Vi D . . . of domains shrinking to 
K(f*), and find a sequence of germs f m G Ti.*{y) and moments n m — > oo such 
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that R nm f m By m . But as we have just shown, R nm f m — > /* in H*(r]). This 
means that there exists a quadratic-like representative /* : V — > V such that 
R nm fm G By for all sufficiently big m. As this F contains some V m , we arrive 
at a contradiction. 

To complete the proof of the statement we need to show that the same is 
true for a domain V independent of v. Take a representative R l fw '■ Wi — > W/ 
e-close to /* ; y in By. If e is small enough, they can be (1 + S)-qc conju- 
gate in slightly smaller domains. This conjugacy provides a (1 + <5)-qc con- 
jugacy between the further renormalizations R l+m fw '• Wi +m — ► W[ +m and 
R m f*,v '■ V m — > V^, m > 0, subdued to the above representatives. But since 
mod(-R m /*) = mod(/*) > 0, the subdued renormalizations R m f lf y are eventu- 
ally (for m> N = N(rj)) well defined on the same domain U; see (5.4). Hence 
for m > N, R l+m fw is well defined on a slightly smaller domain and is close 
to /* there, and the statement follows. 

Let us now consider the analytic diffeomorphism II : W* — > Wo (4.4) and 
the inverse map : Wo — > H*. Let = II(/*), and 

i? = noi?o/* : H -»■ Wo- 

Then II(Hy(/*,r)) C Wo,w for some r > and some Banach slice Wo,w 3 G*, 
and this Banach restriction is continuous. It follows that the orbits of Ro 
uniformly converge to G*: For any sufficiently small e > and 5 > there is 
an iV such that 

Ro^o,w{G*,e) c Ho,w{G*,5). 

By the Schwarz Lemma (see Appendix 2), Rq is uniformly contracting if 5 < 
e/2. Thus the orbits of Rq converge to G* exponentially fast in the || • ||u/-norm. 

Finally, there exists a Banach slice Bjj 3 /* such that for sufficiently small 
e, I*Ho t w(G*, e) C Bjj, and this Banach restriction is continuous. It follows 
that the orbits of / € By(f*,r) converge to /* exponentially fast in the || • 
norm, hence in the Montel metric on By. 

So, we have proved that W* C W£ and that the orbits in W* uniformly 
exponentially converge to /*. The opposite inclusion, W£ C W*, follows from 
Theorem 5.9. Thus W£ = H.*, and by Theorem 4.11 this is a codimension-one 
complex analytic submanifold in QQ. □ 

Remarks. 1. In [McM2], [S2] the following extra assumption was needed: 
RF is hybrid equivalent to F (which was proved by Sullivan for real F). The 
Combinatorial Rigidity Theorem 5.9 allows us to eliminate this assumption. 
The above proof of existence of the renormalization fixed point which attracts 
all the hybrid class is due to McMullen [McM2]. However, the proof of the 
exponential convergence based on the Schwarz Lemma is new. The inclusion 
W* C W s is due to Sullivan and McMullen but the opposite inclusion W£ C W* 
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is new. The statement that W£ is a codimension-one analytic submanifold is 
also new. 

2. Note that the above argument does not use uniform a priori bounds, 
i.e., the bounds which are eventually independent of the map in question. Vice 
versa, it shows how the uniform bounds follow from the relative ones. 

A fixed point /* is called attracting if it has a neighborhood U C QQ 
contained in the stable manifold W s (/*). 

Corollary 6.2. Fixed points of the renormalization operator are not 
attracting. 

Proof. Otherwise the stable manifold W s (f*) would have codimension 
rather than 1. □ 

6.2. Hyperbolicity. We are now ready to prove hyperbolicity of the renor- 
malization transformation at its fixed point /*. Let R* = Di2(/*) 
: TH* — > TH* stand for the differential of R at /*. Note that the tangent 
space TH* is naturally identified with the space of germs of analytic vector 
fields z i ^ a ~\~ bz 3 + . . . near K(G*), where = n(/*) G TLq. Thus it has a 
natural structure of the inductive limit of Banach spaces. We say that R* is 
uniformly exponentially contracting in this space if its iterates uniformly ex- 
ponentially converge to (which is defined in the same way as in the nonlinear 
situation; see the previous section). 

Theorem 6.3 (Hyperbolicity). The tangent space £>* = admits 
an R^-invariant splitting B* = E s © E u , where E s = TH* and dvcaE u = 1. 
Moreover, R*\E S is uniformly exponentially contracting, while the absolute 
value of the eigenvalue A* of R*\E M is greater than 1. 

Proof. By Theorem 6.1, the map R\7i* is uniformly exponentially con- 
tracting. By the Schwarz lemma, its differential R*\E S is uniformly exponential 
contracting as well. 

Let us make a selection of Banach spaces. Select a quadratic-like rep- 
resentative f*y : V — > V' of the renormalization fixed point /* so that the 
requirements of Definition 6.1 are satisfied on the stable manifold W s (/*). In 
particular, for any representative /*,vf : W — ► W' there exists an iV = N(W) 
such that the subdued renormalization R N f*, w has a representative U — > V 
with V <s U (and of course R N f*,w\V = f*y). Then for any 5 > there is 
an e > such that for all maps / G Bw{f*,z), the renormalization R N fw 
belongs to Bv(f*,S). Thus for W <s V, R N gives rise to a Banach operator 
A : Bw(f*,z) B]y which is the composition of the following two operators: 



%(/*,£) -> B v B w , 

R N i 
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where i = iwv is the natural inclusion. Since the latter embedding is compact, 
A is compact as well. Since R is complex analytic, A is complex analytic as 
well. Let A* stand for the differential of A at /*. This linear operator is 
compact as well since it is also factored via the inclusion i : By <— ► Bw- 

Let us consider the slice Wf^ = W s (/*) n Bw of the stable manifold. If W 
is sufficiently small then it is a codimension-one complex analytic submanifold 
in Bw (Lemma 4.17). By the Stable Manifold Theorem, the orbits of 
uniformly exponentially converge to /*. Hence the spectrum of the restriction 
A* to the tangent space E w = Tf t W^ is a discrete set in the open unit disk 
B accumulating on 0. 

Let us consider the quotient linear operator A* : Bw/E w — ► Bw/E w . 
Being one-dimensional, it is a multiplication operator, v i— ► pv. Let us show 
that \p\ > 1. 

By Corollary 6.2, \p\ > 1. 

If \p\ = 1 then by the Small Orbits Theorem, for any 7 > 0, there is an 
/ G B w such that A n f G #(/*, 7), n = 0, 1, . . . but the A-orbit of / does not 
exponentially converge to /*. By the Stable Manifold Theorem, / g" Ti(f^). 

But if 7 is sufficiently small then A is the analytic continuation of R N 
to the Banach slice Bw, and the orbit {A n /}^L i s nonescaping. By the 
Combinatorial Rigidity Theorem, / G H(f*) - a contradiction. 

Thus |p| > 1. As the rest of the spectrum of A belongs to the unit disk, 
A has an eigenvector h £ Bw \ E w corresponding to p. Let us show that this 
is also an eigenvector for : B* — > B* (corresponding to a root A* = p l ^ N )- 
Indeed, let us consider two vectors h and R*h = \*h + w, where w G E s . Since 
both of them are eigenvectors of R^ corresponding to the same eigenvalue p, 
R^ w = pw as well. Let us select a Banach slice Ey containing w. If w 7^ 
then 

ii^ m ^iic/ = iprikiic/^oo 

contradicting the fact that the orbits of R*\E S converge to 0. The theorem is 
proved. □ 

6.3. Unstable manifold. We keep considering a renormalization operator 
R = Rm of stationary type near its fixed point /*. As above, B* = E s © E u 
means the hyperbolic splitting constructed in the previous section, and A* 
stands for the unstable eigenvalue. 

Theorem 6.4 (Local unstable manifold). There exists a complex analytic 
one- dimensional manifold W\ oc {f*) = VV" C QQ via /* satisfying the following 
properties: 

(i) W" belongs to some Banach slice Bw 3 /*> is tangent to E u , and trans- 
verse to W*; 
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(ii) W" <e KW% and i/ie inverse map R 1 : W" — > W" is well-defined; 

(iii) For any / G W«, - ~ C/A"". 

Proof. In the proof of the Hyperbolicity Theorem we have constructed 
a Banach slice £>vk 3 /* locally invariant under some renormalization iterate 
A = R N . Moreover, we have proved that this Banach operator is hyperbolic. 
By the standard hyperbolicity theory, A has a local unstable manifold W" 
satisfying properties (i)-(iii) (with R replaced by A). 

Let us consider the image S = RW%. Since i?* : E u — > E u is a nonsingular 
operator, S is a complex one-dimensional manifold tangent to E u (provided 
W" was taken small enough). Moreover, S sits in some Banach slice Bjj, 
U C W, and Pt^iS D 5. But Bjj is locally invariant under some iterate R lN 
whose restriction to Bjj is compact (by the same argument as was used for 
construction of the operator A). 

Thus in Bjj we have two analytic submanifolds, and S, tangent to E u 
and expanded by the compact hyperbolic analytic map R Nl . By the standard 
hyperbolic theory, these submanifolds must represent the same germ at /*. 
In other words, the germ of is i?-invariant. Since /* is a repelling fixed 
point for the local restriction i?*|W", a small disk around /* in this manifold 
is strictly expanded under R. □ 

Let us now globalize the unstable manifold. Let us define the unstable 
Mandelbrot set Ai u as the set of infinitely anti-renormalizable points / G C 
such that R~ n f — ► /*. 




Figure 2. The hyperbolic fixed point of the renormalization operator. 
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Theorem 6.5 (Global unstable manifold). 

(i) A point f £ C belongs to M u {g) if and only if there exists a one-sided 
tower f = {/o, . . .} with stationary combinatorics {M, M, . . .} and 
a priori bounds. Moreover, in this case f- n £ Wl" c (/*) for all sufficiently 
big n. 

(ii) The straightening M. u — > Mo is infective. 

(iii) For any fj, > 0, toe se£ 

^ = {/GM tt :3a tower f mto / = /„ and mod(f ) > fi} 

is embedded into a one- dimensional complex analytic manifold W^(/*) 
which extends the local manifold Wj£ c (/*). 

(iv) T/ie manifold W^(/*) is transverse to the foliation T . 

(v) TTie oerm o/ toe manifold W^(/*) near C is invariant under the renor- 
malization. 

Proof, (i) Assume that we have an infinitely anti-renormalizable map 
f £ C such that R~ n f — ► /*. Then the germs /_„ = i?~ n / obviously form a 
one-sided tower with a priori bounds. 

Vice versa, let {/- n } be a one-sided tower with a priori bounds. By the 
Compactness Lemma 4.1, the sequence is pre-compact. Let us consider 

its limit set f2. It is compact and i?-invariant. Moreover, the map R : —> Q 
is surjective, since if f-n k 9i then any limit point of the sequence {/_„ fc _i} 
is a preimage of g. Hence any point g £ Q is included into a two-sided tower 
with a priori bounds. By the Tower Rigidity Theorem, g must coincide with 
the fixed point /*. 

Thus f- n — ► and hence the /_ n eventually belong to some Banach 
slice By 3 /*. This Banach slice can be selected so that some iterate R N 
keeps it invariant and is hyperbolic at /*. Then /_„ must eventually belong 
to the local unstable manifold of this operator, which coincides (by the Local 
Unstable Manifold Theorem) with = W£ c (/*). 

(ii) Let us have two maps / and g in M u which are hybrid equivalent, with 
X(f) = X(g) =c£M . Then /_„ = R~ n f and o_ n = R~ n g /„. Let 

a : M — > Mo denote the homeomorphism between the little and big Mandelbrot 
sets corresponding to R. Then the hybrid class of /_ n and is a~ n c, so 
that /_ n is hybrid equivalent to g~ n . Moreover, the hybrid conjugacy can be 
selected with uniformly bounded dilatation, since the mod(/_ n ) and mod(<7_ n ) 
stay away from 0. Hence the corresponding towers f = {/- n } and g = {g~ n } 
are qc equivalent. By the Tower Rigidity Theorem (ii), these towers coincide 
up to rescaling, so that / = g. 
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(iii) Note that for / G .M", convergence of the corresponding backward 
orbit to /* is uniform: there exists an N = N(fi) such that R~ N C W". In- 
deed, otherwise by compactness one can easily construct a bi-infinite tower with 
a priori bounds which is different from the stationary tower {...,/*,/*,...}. 

Let Q stand for the set of N times renormalizable maps in n W". 
Then R N Q D M™. Since R N is transversally nonsingular (by Lemma 5.3), 
there is a neighborhood U of Q in W" which is injectively mapped by i?^ onto 
its image. This image is a desired manifold. 

(iv) Transversality follows from (ii) and Lemma 4.25. 

(v) Invariance follows from the corresponding statement for the local un- 
stable manifold. □ 

6.4. Real combinatorics. Let us now summarize the above information for 
the case of real combinatorics: 

Theorem 6.6. Let M e N be a real Mandelbrot set and R = R M be the 
corresponding renormalization operator. Then: 

(i) There exists a unique quadratic-like map /* such that Rf* = /*; this map 
is real. 

(ii) The renormalization operator R is hyperbolic at /* . 

(iii) The stable manifold W s (f*) coincides with the hybrid class Ti.(f*); 
codim W S {U) = 1. 

(iv) dimVV"(/*) = 1 and the unstable eigenvalue A* is positive. 

(v) For any 5 > there exists a \i > such that the unstable manifold 
W^(/*) transversally passes through all real hybrid classes 7i c with c £ 
[-2,1/4-5]. 

Proof. There are three points specific for the real situation as compared 
with the previous complex setting: 

a) The complex bounds are established for real maps (see §5.6), so the 
statement on existence of the fixed point becomes unconditional. 

b) Since dim = 1, the unstable eigenvalue A* is real. To see that it 
is positive, we need to check that R preserves the orientation of W M (/*) near 
/*. Sliding to the quadratic family, we see that it would follow from the the 
property that a : I — ► Mq is orientation-preserving, where / = Mfll. But this 
property is true by the monotonicity of the kneading invariant in the quadratic 
family [MT]. 

c) The bounds of [LS], [LY] are valid for all finitely renormalizable maps 
such that the last renormalization is not close to the cusp. More precisely, 
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there is a fx = fi(S) such that for any N and c G [—2,1/4 — 5], there is an 
N times renormalizable quadratic map = P CN with x{R N On) = c and 
mod(i? fc 5A r) > /x, A; = 0, 1, . . . , N. 

Let us consider finite towers f/v = {fN,-k}k=o with /jv,-jfc = R Nk gN- 
Since they have uniform a priori bounds, we can pass to a limit tower f = 
{/-fcjfclo- Then mod(Bf) > [i and x(/o) = c. Hence .M™(/*) passes through 
all hybrid classes c as above. By the Global Unstable Manifold Theorem (iii- 
iv), we obtain the last statement of the theorem. □ 

Remark. In particular, the real unstable manifold W"(/„) corresponding 
to the limit c* = limc n of the period doublings stretches all way through all 
real combinatorial types, except "1/4", and is transverse to the bifurcation loci 
H{c n ). (And a similar statement can be made for other combinatorics.) This 
was a part of the Renormalization Conjecture (see [Lai]) which previously was 
established, in the quadratic period-doubling case, with the help of computers, 
and by Eckmann and Wittwer [EW]. 

7. Hairiness, self-similarity and universality 
(the stationary case) 

7.1. Proof of the Hairiness Conjecture. Milnor's Hairiness Conjecture as- 
serts that the Mandelbrot set is becoming dense in small scales near Feigenbaum- 
like points. Our goal now is to prove this conjecture for stationary combina- 
torics. 

Theorem 7.1 (Hairiness of the Mandelbrot set). Let P Ct be a Feigenbaum 
quadratic polynomial with a priori bounds. Then the magnifications of the 
Mandelbrot set near c* converge in the Hausdorff metric on compact sets to the 
whole complex plane. In particular, this is true for real Feigenbaum points c*. 

Proof. Note that by Corollary 10.3, the hairiness property is qc invariant. 
As the foliation T is transversally quasi-conformal (Theorem 4.19) and the 
quadratic family is transverse to T (Theorem 4.11), it is enough to prove the 
hairiness property for any transversal. Our choice will be the renormalization 
unstable manifold. 

Let R be the renormalization operator corresponding to the map P Ct . 
Since P Ct has a priori bounds, by the results of the previous section, R has a 
fixed point /*, and is hyperbolic at this point. Let us consider the unstable 
manifold W u = W 1 " c (/*) at this point, and the corresponding Mandelbrot set 
A4 U = W u H C. By R^ 1 we will denote the branch of the inverse map which 
maps W u into itself. Given a set X C W u , RX will mean R(X n iT 1 )^"). 

Note first that RM U D M u . Indeed, if the Julia set of the renormalization 
Rf is connected then the Julia set of / is connected as well. Hence the Hairiness 
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Conjecture on W u amounts to the following statement: 

00 

(7.1) [J R m M u is dense in W u . 

m=0 

On W u there is a linearizing coordinate which turns the map R into rescal- 
ing by the Feigenbaum universal constant A*. The dist and diam below refer 
to the distance and the diameter on W u in the linearizing coordinate. Accord- 
ingly, a "round disk" D(f,p) is understood in this sense. Fix some e € (0, 1). 




Figure 3. Blow-up of the Mandelbrot set near the Feigenbaum point 
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Assume that (7.1) fails. Then there exists a round disk 
V = D(f ,p)eW u \ (J R m M u . 

m>0 

Hence for any integer n < 0, 

V n = R n V = D(f n , Kp) m W u \ (J R m M u , 

m>0 

where f n = R n fo- Let V n C V' n denote the round disks as above of radius e\™p, 
and let M% stand for the connected component of M u containing /*. Note that 
A4" is not a single point since the Mandelbrot set M$ does not have isolated 
points and the holonomy (Mo, c*) — > (A4 M , /*) is a local homeomorphism. Now 
we have: 

diamV„/dist(V n ,X") > diamV„/dist(V„, /*) x £. 

Hence 

diam hyp (V n | W\M*) > ae, 

where diamh yp (-| U) stands for the hyperbolic distance in an open set U, and 
the constant a is independent of n and s. It follows that 

ae < diam hyp (V n | W u \ Mt) < diam hyp (V n | W u \ M u ) 

< diam hyp (V n | V^) x e. 

Thus 

(7.2) diam hyp (V n | W u \ M u ) x e 

with the constant independent of n and e. 

Let us show that if e is sufficiently small then over every domain V n there 
is a holomorphic motion hp ■ U' —>■ U' which conjugates Fq = f n : Uq —>■ Uq to 
F : Uf —>■ U' F , F e V- n - Here the domains Up and U' F will be selected in such 
a way that the m.od{U' F \ Uf) stay away from (as n changes). 

If W u is selected sufficiently small then F(0) / for F £ W u , and thus 
F e W u can be normalized so that F(0) = 1. Also, by Lemma 4.2, there is a 
fundamental annulus Ap = hpA holomorphically moving with F € W u . Let 
us consider two preimages of this annulus, Ap = F~^Ap and Ap = F~ 2 Ap. If 
F is sufficiently close to /* (so that F n (0) Af for n = 1, 2) then these preim- 
ages are holomorphically moving annuli. Moreover, if we select an equipotential 
foliation in Aq, we obtain the holomorphically moving equipotential foliation 
1f(t) = ^F7o( r ) m the union of these three annuli. Let us assign the level r 
to the equipotentials in such a way that the outer boundary of Ap has level 4, 
the inner boundary has level 2, and F{jp{r)) = 7f(^ 2 ) for 2 1 / 4 < r < 2. Note 
that by our normalization, the union of these three annuli belongs to the twice 
punctured plane C \ {0, 1}. 
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Take a point zq G Aq. Let it belong to an equipotential 70(f), \/2 < r < 2. 
Let Qo = Qo(-2) denote the fundamental annulus bounded by equipotentials 
7o(r 4 / 3 ) and 7o(f 2 ^ 3 ), and let Qf = hpQo stand for its motion. Let d > be 
the hyperbolic distance (in C \ {0, 1}) from z$ to the boundary of Qq. 

We find a moment I such that F l+1 (0) G A), and take zo = F l (0). Since 
the map W u \ M u — > C \ {0, 1}, Fh F z (0), contracts the hyperbolic metric, 
the hyperbolic distance from F l (0) to -Fq(O) in C\{0, 1} is at most As, provided 
F £ V n . For the same reason, for £ G 9Qo, the hyperbolic distance from £ 
to h F ( is at most As for F G V„. It follows that h F ( / F l (0) for F G V n , 
provided e < d/2A. 

Thus for sufficiently small e, the point zp = -F'(O), F G V n , does not cross 
the boundary of the fundamental annulus Qf- Hence we have a holomorphic 
motion of {8Qf^zf) over V n . By the Ademma (see Appendix 2), this motion 
extends to the motion of the whole annulus (Qf,zf)- Pulling it back by 
dynamics, we obtain the motion U' F \ K{F) over V n , where U' F is the domain 
bounded by the equipotential 7_F(f 4 ^ 3 )- Using the Ademma again, we extend 
this motion through the Julia set, which provides us with the desired motion 
Iif of the domain U' F over V n which conjugates Fq to F. 

By the Ademma, hp is if-quasi-conformal over the twice smaller disk 
A n = D(/ n ,£A"p/2), with an absolute K. Take any point fo G Ao, and let 
/„ = R n fo- We conclude that /„ is K-qc conjugate to /„, with an absolute K. 

Let us now consider the towers (with disconnected Julia sets) 

fm = {fn~rn} n =m an d fm = {fn-rn\ n=m 

(so that f-m is the zero coordinate of f m ). They both converge to the stationary 
tower f* = {...,/*,/*,. • •}• Moreover, the above K-qc conjugacies h n converge 
to a qc automorphism h of f*. By Corollary 5.12, 

(7.3) h = id. 

Let us show that on the other hand, the h n stay a definite distance away 
from the id. To this end let us now pass from the unstable manifold W u to 
the vertical fiber Z = Zf t . Let M v C Z = Z nC denote the Mandelbrot set in 
Z. By Theorem 4.18 the foliation T extends to some Banach neighborhood of 
/*, and by the Ademma (see Appendix 2) this foliation is transversally quasi- 
conformal. Moreover, both W u and Z are transverse to the foliation at /* (by 
Corollary 4.24, Lemma 4.25 and the Unstable Manifold Theorem). Hence the 
holonomy from W" to Z is well-defined and quasi-conformal near /*. 

Take two points /„ = R n fo G V„ and /„ = R n fo G V„, n < 0. Let 
4>ni (ftn £ Z correspond to /„ and /„ under the holonomy (they are well- 
defined for sufficiently big n < 0). Then by (7.2) and quasi-invariance of the 
hyperbolic metric (see [LV, Ch. II, §3.3]), 

(7.4) dist hyp (0 n ,<^|Z\AOxl. 
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Take a little disk V in Z around /*, and consider a curve T = dV\Ai v (perhaps 
disconnected). Then obviously 

(7.5) dist hyp (0 n , r| Z \ M u ) — > oo as n — > — oo. 

Let us consider the map £ : Z \ Ai v — ► C \ D which assigns to (/> the 
position of the critical value in the external model (see §3.3). By Lemma 4.14, 
this map is conformal. Hence by (7.4), 

(7.6) dist hyp (£ n ,f„|£(W„))xl, 

where = £(</> n ), £ n = £(0n)j and £/ ra is the component of Z \ M. v containing 
4> n and <p n . 

Let us consider in U n the domain W ra cut off by the arc T n = T (~)U n and 
containing (fr n and <p n . The image £ (£*/«) is bounded by the arc £(r n ) and an 
arc of the unit circle. By (7.4) and (7.5), 

(7.7) disthyp(£„,|„|C\]D>)xl. 

We refer now to the proof of Theorem 4.18 which extends the foliation J- 
beyond the connectedness locus. Consider a quadratic- like map G* = n(/*) 
G Hq and the corresponding Riemann mapping R* : C \ K(G*) — > C \ D. Let 
us transfer the ^-points by this Riemann mapping as prescribed by (4.14): 

By (7.7) 

(7.8) dist hyp ( |C\^(G*))xl. 

Let us now consider the tubing (4.15) near and transfer the a-points ac- 
cording to (4.16): 

where ^* = • Since is quasi-conformal, 

dist hyp (6 n ,6 n | C\D)xl, 

so that 

dist(6 n ,6 n ) x dist(6 n ,T) x dist(6 n ,T). 

Fix a small 5 > 0. Then applying Pq : z i— > z 2 to 6 n and 6 n an appropriate 
number /„ of times, we can move the above 6-points a distance of order 5 apart 
(independently of n): 

(7.9) dist(P^ b n , P l n b n ) x dist(P^ b n , T) x dist(P^ b n , T) x 5. 

Let us now return to the unstable manifold W u . Denote the maps and 
the points corresponding to /„ as follows: 

Gn = n(/ n ) 6 Hq; 
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S n : C\D — > C\K(G n ) is the Riemann mapping with a positive derivative 

at oo; 

= ^G n i s the tubing map; 

Vn = C(/n) £ C \ B is the position of the critical value in the external 
model; 

dn = S n r] n is the marked points associated with G n 

(and denote correspondingly the tilde-objects). 

As /„ and 4> n (respectively /„ and (f> n ) lie on the same leaf of the extended 
foliation, by (4.16): 

d n = ^ n b n ; d n = ^ n b n . 

Since ^g continuously depends on G near G*, ty n and \E' n are uniformly close. 
Hence (7.9) implies that there exist some 5" > 5' > depending only on S such 
that 

(7.10) 8' < dist(G^ d n , d n ) < 5", 

5' < dist(Gfr d n ,T)< 5", 5' < dist(G^ d n , T) < 5". 

Let us now transfer the ci-points to the external model: 7] n = S~ 1 (d n )- 
By Lemma 4.15, the Riemann mappings S n converge to the Riemann mapping 
S : C \ D ->■ C \ K(G*). Hence by (7.10), 

(7.11) <5' < distfoj? r/ n , <fc fj n ) < 5", 

5' < dist(<£ %, T) < 5", 5' < dist(^" ?7n, T) < 6", 

where the constants 5' and 5" are not the same as in (7.10) but satisfy the 
same properties. 

Finally, let us transfer the above 77-points to the original dynamical plane 
of maps f n and f n . They correspond to the points /' n+1 (0) and f ln+1 (0) via 
conformal maps which are defined outside a small neighborhood of the unit disk 
and by Lemma 4.15 converge to the Riemann mapping R* : C \ D — > C \ </(/*). 
Hence (7.11) yields: 

dist(/^ +1 (0),^ +1 (0))><5 / >0. 

Since the conjugacy h n between /„ and f n carries / Zn+1 (0) to f n n+l (0), it stays 
uniformly away from the identity, as was asserted. 

Hence the limiting qc automorphism h of the stationary tower f* cannot 
be identical, contradicting (7.3). This contradiction proves (7.1) and hence the 
Hairiness Conjecture. □ 
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7.2. Self- similarity of the Mandelbrot set. Below we will prove, in the 
stationary case, the Self-Similarity Theorem stated in the introduction for 
real-parameter values. The corresponding complex statement is the following: 

Theorem 7.2 (Self-similarity). Let M G N be a real Mandelbrot copy 
and a : M — > Mq be the homeomorphism of M onto the whole Mandelbrot set 
Mq. Assume that there exists a quadratic-like map f with stationary combi- 
natorics r(/) = {. . . , M, M, . . .} and a priori bounds. Let c* = x(/). Then 
c* is a fixed point of a, and a is C l+a -conformal at c*, with the derivative at 
c* equal to the Feigenbaum universal scaling constant A* > 1. Moreover, there 
exists at most one parameter value c* satisfying the above assumptions. 

Remarks. 1. The real theorem stated in the introduction follows from this 
complex one and a priori bounds (Theorem 5.6). 

2. This theorem does not rule out another fixed point c G M of a (for 
which the map P c fails to have a priori bounds). However, it rules out other 
fixed points near c*. 

A map h : (Mi,0) — > (M2,0) between two subsets in C is called C 1+Q - 
conformal at the origin if there exist ar/0 such that h(u) = tu(1 + 0(\u\ a )) 
for u 6 Mi near 0. 

The foliation T is transversally C 1+Q -conformal at a point c G M (or along 
a leaf H c ) if for any two transversals S and T to the leaf 7i c , the holonomy 

— > A4r between the corresponding Mandelbrot sets is C 1+Q -conformal at 
the points of intersection with H c - 

Lemma 7.3 (Transversal conformality at a Feigenbaum point). Let 
C* £ M be a Feigenbaum parameter value satisfying the assumptions of the 
self- similarity theorem. Then T is transversally C 1+a -conformal at c* with 
some a = a(M) > 0. 

Proof. By the Hyperbolicity Theorem, there exists a renormalization hy- 
perbolic fixed point /* G TC Ct with the stable manifold 7i Ct and the trans- 
verse unstable manifold VT = VV^ C (/*). Clearly it is enough to check C 1+a - 
conformality of the holonomy from a transversal S via / G to the unstable 
manifold W n . 

By the Stable Manifold Theorem, there exist a quadratic-like representa- 
tive /* : V* — > and natural numbers = N(V*,f), I = l(V*) such that 
is locally invariant under R l , R N f G and the orbit of R N f un- 
der R l exponentially converges to /* in this Banach slice. Moreover, these 
properties are still valid (with a different I) if we take any other representative 
f*:V^V with V C F*. 

Let us take a Banach slice B\j 3 f locally containing the transversal S. 
Then there is a neighborhood U C £>[/ of / which is mapped by R N into some 
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Banach slice By as above (since for nearby F £lA, the renormalization R N F 
is well-defined on any domain V C Thus the curve S N = R N S locally sits 
in By. 

But it is sufficient to study the holonomy Hn from S N to W". Indeed 
if h denotes the holonomy from S to W u then by the .R-invariance of the 
foliation J 7 , h = o i?^ where R N : (5, /) — > (5^, i?^/) is a local conformal 
diffeomorphism (by Lemma 5.3). 

Thus the situation reduces to the Banach set up. Let T = R l . Without loss 
of generality we can assume that S itself belongs to a Banach neighborhood V C 
By of /*. Moreover, let us select this neighborhood V as a box E s (5) x E u (8), 
where E s / U {8) is the tf-ball in the tangent space E s / U = T ft W s J u . If 5 is 
sufficiently small then TV C By and T is hyperbolic on V in the sense that it 
satisfies properties HI, H2 of Lemma 2.1 plus the analogous vertical expansion 
property. Recall also that by Lemma 4.17, the Banach slice Ty of the foliation 
T is a foliation near /* whose leaves are graphs over E s . 

Let S n stand for the truncated iterate of S, i.e., inductively, let S n+1 = 
V H TS n . Then eventually the S n can be represented as graphs of analytic 
functions (j) n : E u (5) — ► E s (5), so that we can assume that this happens from 
the very beginning. The local unstable manifold W u l~l V can certainly also be 
parametrized in the same way by some function ip. By the hyperbolicity of T 
on V, the manifolds S n , exponentially fast, converge to the unstable manifold: 

(7.12) Un-n& <^7 n , 

where 7 6 (0, 1) is a strict upper bound on the spectrum of T>T{g if ) lying inside 
the unit disk. Moreover, k > can be a priori selected arbitrarily small (just 
replace S by some S m with m = m(/t)). 

Let us use the projections p : S m — ► E 1 " as analytic charts on 5 m . By the 
Koebe theorem, they have distortion 0(e) in scale e with a uniform constant 
(independent of m). To simplify the notation, we will skip p, so that for 
u, v € <S m , u — w means the difference between the local coordinates: p(u)—p(v). 

Let M = S nC and .M m = 5 m n C be the truncated iterates of M. 

Select q > \i > 1. Take two points 2:1,2:2 G jVi on distances of order 
e = q~ n from a = f. Push them forward by T m so that they go to points 
Ci ? C2 5 & = r m a G A1 m with relative distances of order / u~™. By the Koebe 
Distortion Theorem, the ratio distortion of T m at the above three points is of 
order /i _n : 

(7.13) ^ = f*Z£(l + 0(M -n)). 

1,1 — zi — a 

Furthermore, m is at least nlog(g///)/log A = cn, where A is an upper bound 
for the unstable eigenvalue A* (and A = A(<5, k) can be made arbitrarily close 
to A* by choosing the parameters 5 and n sufficiently small). By (7.12), S m is 
a distance 0(7™) = 0(p n ) from W u , where p = 7 C < 1. 
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It follows that the holonomy from S m to W u has an exponentially small 
ratio distortion at Ci>C2>&- Indeed, let us extend the foliation Ty to a neigh- 
borhood of /* in By (see Theorem 4.18). If 5 is sufficiently small then the 
bi-disk E s (25) x E u (25) is contained in the domain of the extended foliation. 
Consider the holonomy h m : S m — > W u along the extended foliation. By the 
Ademma (see Appendix 2), h m is K m -qc with K m = 1 + 0(p m ). Then by the 
distortion estimates for qc maps (see [LV, Ch. II, Thm. 3.1]) 



(7.14) ^7^ = ^( 1 + W))< 

with any pi > p. 

If the distance between ("l and ("2 is commensurable with their distance 
to b then the same estimate holds for the other two ratios (centered at Ci and 
£2). Then by Euclidean trigonometry the angles of the triangle A(b, (1,(2) 
differ from the corresponding angles of its image A(a, h m £i, h m ^2) by 0(p"). 
But then it is also true without the assumption that the distance between 
Ci and (2 is commensurable with their distance to b since a small angle can 
be represented as a difference of two angles satisfying the commensurability 
assumption. Thus the holonomy h m preserves the angles at b up to order 
0(p 1 ). Together with (7.14) this yields: 



(7.15) ^^ 1 = ^4^ + 0(pT)), 

Finally, let us apply the inverse map T~ m : W u — > W u to the points 
h m ((i)- Since the foliation Ty is T-invariant, we obtain the points h{zi). 
Moreover, by the Koebe Theorem, the ratio distortion of this transition is 
0(pi U ) with any \i\ > p. Combining this with (7.13), (7.15), we obtain the 
ratio distortion estimate for the holonomy h : S — > W" 

^ = ii^ (1+ o(,r"+P:)>. 

hz\ — c* z\ — a 

Thus the ratio distortion of h in scale e > about a is of order e a with 
some a > 0. This implies C 1+Q -conformality. Indeed, take two points u, v G M 
with \v — a\ < \u — a\ < e, and let zq = u, Z\, . . . , Zk = v, be a string of points 
in Ai such that \zi\ = |zj_i|/2 for i < k and |zfc_i|/2 < |^| < |zfc-i|. (Such 
a string exists since the Mandelbrot set Mq is connected and the holonomy 
Mo — > M is continuous. Hence the set M intersects every circle around «£5 
with sufficiently small radius.) Then 

h (zi) ~ a . Kz i+1 ) - a = J + £ fj 
Zj - a ' - a 
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Hence 

h(u)-a : h(v)-a = i + 
u — a v — a 

It follows that there exists a lim u ^ (h(u) — a)/(u — a) = r / and 

h(u) — a 



u — a 



T{l + 0(\u-a\ a )). □ 



Proof of the self- similarity theorem. By the Combinatorial Rigidity The- 
orem 5.9, the point c* is fixed by a and there is only one point c* satisfying 
the assumptions of the theorem. 

The holonomy a : Mq — ► M u locally conjugates a to the renormalization 
operator R. Since this holonomy is C 1+Q -conformal at c* and R\W U is locally 
conformal, a is C 1+Q -conformal at c*. □ 

7.3. Universality Theorem. Let us consider a little Mandelbrot copy M = 
M c G C with p(M) = p, and the corresponding homcomorphism a : M — > Mo. 
Then the "tuned copies" M n = a~ n M are centered at super attracting param- 
eter values c n = c* n with period p(M n ) = p n . The corresponding polynomials 
Pn = Pc„ are n times renormalizable with R n P n G Hq. 

Theorem 7.4 (Universality). Assume that the polynomials P n have a 
common a priori bound: mod(R k P n ) > fi > 0, n = 1, 2, . . . , fc = 0, 1, . . . , n. 
Then: 

• The c n converge exponentially fast to an infinitely renormalizable param- 
eter value c*: 

|c„ - c*| ~ aA^ n . 

• Lei 5 = 1/^} be a complex analytic transversal to the hybrid class 7i Ct at 
some fi*. Then for fi near fi* and all sufficiently big n, S has a unique 
intersection point /j, n with the hybrid class 7i Cn , and the fi n converge to 
fi* with the universal exponential rate: 

\Vn ~ M*| ~ a(S)\~ n . 

In particular, this yields the Universality Theorem for real parameter values 
stated in the introduction. 

Proof. Take any accumulation point c* of the sequence {c n }. By the 
uniform a priori bounds assumption and the compactness Lemma 4.1, P Ct is 
an infinitely renormalizable polynomial with combinatorics r = {M, M, ...} 
and a priori bounds. By the Combinatorial Rigidity Theorem, such 
unique. Hence c n — > c*. 

By the Hyperbolicity Theorem, the renormalization operator R = Rm 
has a unique fixed point /*, and this point is hyperbolic. Let us consider its 
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unstable manifold W u = {f u }- Since the quadratic family Q and W" are both 
transverse to the hybrid class = H Ct , for all sufficiently big n, there exists 
a unique parameter value v n near corresponding to c n under the holonomy. 
Since the holonomy conjugates a and R, we have Rf Un = /z/„_i- As is an 
expanding fixed point for R\W U with eigenvalue A*, 

(7.16) K-^i~<?Ar\ 

and the result follows from the smoothness of the holonomy along the stable 
leaf (Lemma 7.3). □ 

7.4. Connection to the MLC problem. The problem of local connectivity 
of the Mandelbrot set (MLC) is a central theme in holomorphic dynamics. By 
works of Yoccoz (see [H]) and the author [L2], [L5], MLC is now established for 
all real c except those which are infinitely renormalizable with type bounded 
by some p. The following criterion links this problem to the compactness of 
the Mandelbrot set in the unstable manifold. 

Proposition 7.5. Let M be a primitive little Mandelbrot set. Let c* G 
Mq be an infinitely renormalizable parameter value of type {M, M, ...} with 
a priori bounds (for example, a real one). Then the following properties are 
equivalent: 

(i) The Mandelbrot set Mq is locally connected at c*; 

(ii) The unstable Mandelbrot set Ai u of the RM-fixed point /* is compact; 

(iii) For any c G Mq, there exists a tower f c = {. . . f_ 1 / } of type 
{. . . , M, M} with x(fo) = c an d w ^h a priori bounds. 

If M is satellite then the same statement is true for Mq replaced with M . 



Proof. It is known that local connectivity of the Mandelbrot set at c* is 
equivalent to shrinking the tuned copies M n to the point (see e.g., [Sch] for a 
discussion of this kind of relation). 

(i) =^ (iii). If the tuned copies M n shrink to c*, then all of them eventually 
belong to the domain of the holonomy h : M n — ► J\A u > n . Hence for any c 6 M n , 
there exists a tower f c = {h(c) = fo, fo, . . .} with a priori bounds. Since 
a n maps M n onto the whole Mandelbrot set and h o a n = R n o h (resp. 
h o d n_1 = R" 1 ^ 1 ohm the satellite case), any tower f c with c G Mq (resp. 
c G M) and a priori bounds is realizable. 

(iii) =^ (ii). Assume that for any c G Mq (resp. c G M in the satellite 
case), there is a tower f c with a priori bounds. Then by Theorem 6.5, the 
holonomy h : Mq — > M u (resp. M —>■ M. 11 ' 1 ) is well-defined, and hence has a 
compact image. 
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(ii) =>- (i). Note that the image of M u under the straightening x '■ -M u — > 
Mo is open in M> Indeed, the straightening homeomorphically maps a relative 
neighborhood U C M u of /* onto a relative neighborhood U C Mo of c* and 
conjugates i? to a. Since by definition, 

(7.17) M u = [J i? n (ZY n Dom( J R n )), 

n>0 

we conclude: 

X (.M U ) = (J (7 n (C/nM n ). 

n>0 

But d n : M n — ► Mo is a homeomorphism, and openness of x(M u ) follows. 

On the other hand, if M. u is compact then the image x(M u ) is closed. As 
Mq is connected, x{-M u ) = M . Hence 

(7.18) X (R~ n M u ) = a- n M = M n . 

Furthermore, by (7.17) and compactness of Ai u , R~ N M u C U for some 
N. If U is contained in then clearly the R~ n U shrink to /*. Hence the 
R- n M u also shrink to /*. By (7.18), the M n shrink to c*. 

(The argument for the satellite case is the same with M replaced by M.) 

□ 

Remarks. 1. Note that A4 U is not compact in the satellite case. Indeed, by 
transverse quasi-conformality of T (Theorem 4.19), it would be qc equivalent 
to Mo. As a = x ° Ri the satellite copy M would be qc equivalent to Mo as 
well, despite the fact that it does not have a cusp at the root point. 

2. By the Self-similarity Theorem, the homeomorphism a : M n+1 — > M n 
is almost linear near c* , so that the local geometry of the little Mandelbrot sets 
M n is almost the same. However, it implies that the whole M n+1 is almost 
isometric to M n only when the M n shrink to c* (i.e., when MLC holds at c*). 

8. The renormalization horseshoe 
with bounded combinatorics 

In this section we will prove the Hyperbolicity Theorem and its conse- 
quences for bounded combinatorics. 

8.1. Construction of the horseshoe. Let us pick a finite family C = 
{Mk}f =l of disjoint Mandelbrot copies, and the corresponding renormaliza- 
tion operator 

R = R C : Dom(R) = l>T k -► QQ, 
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where 7^ = 7^ . This set up will be carried through the whole section. 

We say that a point / G QQ is completely non-escaping if there is a 
sequence /„ G Q£/, n = 0, ±1, ±2, . . ., such that Rf n = f n+ i and 

mod(/ n ) > n = n(f) > 0, n = 0, ±1, ±2, . . . . 

Consider the set A = Ac of all completely non-escaping points. 

Recall that the natural extension of a map R : A — > .4 is defined as the 
lift of i? to the space of two-sided orbits f = {f n }nez, R{f) = {Rfn}nez- 
Moreover, R is a homeomorphism with respect to the weak topology on A. 
The projection (f) : f ^ fo to the zero coordinate semi-conjugates i? to -R. 

Let us also consider the space E = E/; of bi-infinite sequences f = 
{Mfc^)}^.^ in symbols G £ supplied with the weak topology. Let 
to : E — > E stand for the left shift on this space (so that M/^) is the zero 
coordinate of uj(f)). It is called the Bernoulli shift. 

Let S + = stand for the space of one-sided sequences {-/Wfc( ra )}^Lo * n 
symbols G £. Recall that by definition, the combinatorial type r(/) G E + 
of an infinitely renormalizable map / is the itinerary of the one-sided orbit 
orb(/) (see §5.5). 

Lemma 8.1. Assume that there exists a v = uc > such that for any 
one-sided sequence r G E + there exists an infinitely renormalizable map f with 
r(f) = t and 

(8.1) mod{R n f)>u, n = 0,l,.... 

Then the natural extension R : A — > A is topologically conjugate to the 
Bernoulli shift uj : E — > E. Thus there exists a continuous map semi-conjugating 
lo to R\A. 

In particular, the statement is valid for a real family C . Moreover, in this 
case the horseshoe A is real (i.e., consists of real maps), and the renormaliza- 
tion R: A — > A is a homeomorphism topologically conjugated to the Bernoulli 
shift. 

Proof. Let us take a bi-infinite sequence f = {M^} G E. By the assump- 
tion, for any I > 0, there is an infinitely renormalizable quadratic-like map 
F[ with combinatorics t(Fi) = {M_i, . . . , Mq, . . .} and an a priori bound v. 
Let foj = R l Fi. These are infinitely renormalizable quadratic- like germs with 
common combinatorics tq = {Mo, M\, . . .} and mod(/ ,«) > v. Since the set of 
such maps is compact, we can pass to a quadratic-like limit fo = lim^oo /o,2 
(along a subsequence) with the same properties. 

Let us now do the same thing for every i < 0. Let fcj = R l+l Fi, and 
let fi = lim^oo fi : i be a limit point. The map fi has combinatorics Tj = 
{Mi, M i+1 , . . .} and mod(/i) > v. 
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Selecting the above converging subsequences by means of the diagonal 
process, we construct a sequence of infinitely renormalizable quadratic-like 
maps {/i}°^Loo such that Rfc = f i+1 , x{fi) = M { and mod(/j) > v. This 
sequence represents a tower f with combinatorics f and a moduli bound v. 

Thus any combinatorics f £ E is represented by a tower with a priori 
bounds. By the Tower Rigidity Theorem, the tower is unique. This provides 
us with a bijective map : S — > A conjugating the Bernoulli shift u to the 
natural extension R. Taking the zero coordinate of the tower, we obtain a 
semi-conjugacy (p : £ — ► A. 

To show that <E> is continuous, we need to check that the coordinate projec- 
tions £ — ► „4 are continuous. To be definite, let us take the zero coordinate. If 
the continuity failed, there would exist two sequences of towers f ^ = {f^}kez 
and g( n ) = {g^}kez in A such that x{fk^) an d x(9k^) belong to the same 
Mj(fc) for — n < k < n, but distM(/o n \ 9q^) > e > 0, where distM is the Montel 
distance on A. Passing to limits, we would obtain two different towers with 
the same combinatorics f G £ and a priori bounds - a contradiction. 

In the case of a real family C, the assumption of the lemma is satisfied by 
Theorem 5.6, and the above construction leads to a real set A. Moreover, by 
Lemma 5.1, a real bi-infinite tower f is determined by its zero coordinate /o- 
Hence $ is a homeomorphism. It follows that R : A —> A is a homeomorphism 
as well. □ 

The set A = Ac will be called the renormalization horseshoe (with combi- 
natorics C). The assumptions of Lemma 8.1 will be the standing assumptions 
for the rest of this section. 

8.2. Stable lamination. Let /* G A and / G QQ be an infinitely renormal- 
izable map (in the sense of R) . The orbit of / is asymptotic to the orbit of /* if 
there exist \x > 0, a sequence of quadratic-like representatives R n f* : V n — > 
with mod(V^ \ V n ) > fi, and an N such that for n> N, R n f G By n and 

||i?7 - iT7*lk -^Oasn^oo. 

If under these circumstances 

\\R n f-R n M\v n <Cq\ 

with C > and g G (0,1), then we say that the orbit of / is exponentially 
asymptotic to the orbit of /*. 

Let us say that the orbits of /* G A and / G T~t(f*) are uniformly exponen- 
tially asymptotic if the constants fi, C, q above are uniform, while ./V depends 
only on mod(/). 

The (global) stable set of a point /* G A is defined as the set of points 
/ G QQ whose orbits are forward asymptotic to the orbit of /*. (We avoid the 
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usual term "global stable manifold" since in what follows the stable set will 
not be a manifold but rather a countable union of manifolds.) Let us define 
the basin of attraction of A as the union of the stable sets of all points /* G A. 

The following result extends the Stable Manifold Theorem to renormal- 
ization operators of bounded type and follows from the works of Sullivan, 
McMullen and the author in a similar way: 

Theorem 8.2 (Stable lamination). The basin of attraction of the renor- 
malization horseshoe coincides with the union of the hybrid classes H(f*), 
/* G A, and hence forms a lamination in QQ with codimension-one complex 
analytic leaves. The orbits of f G T~t(f*) are uniformly exponentially asymp- 
totic to the orbits of f* £ A. 

Proof. Let 

H(f.,v) = {f€H(f*) :mod(/) >u}. 

We shall show that the orbits of / G T~i(f*) are uniformly asymptotic to the 
orbits of G A in the following sense. 

Statement. There exist a [i > and a choice of quadratic-like representa- 
tives R n f* : V n — ► V^, f* G A with mod(T^ \ V n ) > /i satisfying the following 
property. For any u > and e > 0, there exists aniV = N(v, e) such that: If 
/ G H{f*,v), then for n > N, R n f G B Vn {R n f*,e). 

We leave the proof to the reader (it is a straightforward adjustment of the 
proof of the corresponding statement for the stationary combinatorics). 

Let us now consider the analytic projection IT : QQ — ► TLq (4.4) whose 
restrictions Tip ■ Ti-(F) — > Hq are diffeomorphisms. Note that by the Product 
Structure Theorem 4.13, the inverse branches IT^ 1 : Hq — > H(F) are equicon- 
tinuous on compact sets. Let 

R n F = H RnF oR n o Ii F l : H -»• n . 

Then the above Statement (uniform contraction by R), compactness of A, 
continuity of IT, and equicontinuity of its inverse branches imply that the family 
of operators Rf is uniformly contracting as well: 

R F^o,w(G){G, e) C 7i 0)W ^ R N G ^(RpG,5), 

where the W(G) are appropriately selected domains of maps G G 11(^4) with 
m.od{W{G)) > rj. By the Schwarz Lemma, this family is uniformly infinites- 
imally contracting, and hence the iterates of R are uniformly exponentially 
contracting. □ 

Thus the hybrid class H(f*) of a point /* G A is identified with the 
connected component of the stable set of /. It will also be called the (global) 
stable leaf of /*. For an infinite horseshoe, the global stable set of /* is the 
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union of infinitely many disjoint stable leaves. It has a dense intersection with 
A. This is the usual picture for discontinuous hyperbolic maps like the baker 
transformation. 

8.3. Slow shadowing and hyperbolicity. In this section we will state a 
new hyperbolicity criterion for invariant sets of complex analytic maps. It says 
that the lack of hyperbolicity can be detected topologically by the existence of 
slowly shadowing orbits. It will model a more complicated situation treated in 
the next section. 

Let L : A — ► A be a continuous transformation of a metric compact 
set. One says that an orb n (g) e-shadows the orb n (/) if dist(L fc /, L k g) < e, 
k = 0, . . . , n. 

A map L is said to satisfy a "specification property" (compare Bowen 
[Bo]) if for any e > there exists an I = 1(e) such that any orbit {L k f}^~Q, 
f G A, can be e-shadowed by a periodic orbit of period at most N + I. 

A basic example of a system satisfying the specification property is the 
Bernoulli shift to : — > S^. Note also that this property is preserved under 
taking quotients: If a map L : A — > A satisfies the specification property and 
S : X — ► X is a quotient map (i.e., there exists a surjective continuous map 
h : A — > X such that S o h = h o L), then S 1 satisfies the specification property 
as well. 

Let A be embedded into a complex analytic Banach manifold U, let V be 
a neighborhood of A in W, and let L : (V,A) — ► (W,.A) be a complex analytic 
map preserving .4. 

An orbit of / G V slowly e-shadows an orbit of 5 G .4 if it e-shadows the 
latter but is not exponentially asymptotic to it. 

Let L : A — > 4 stand for the natural extension of L. Given an orbit 
f G i, we will denote by / = /o G 4 its zero coordinate. A map L|4 is called 
uniformly hyperbolic if: 

(i) There is an invariant subbundle 8 s C T^£Y, on which DL is uniformly 
exponentially contracting; 

(ii) There exists a family of tangent subspaces Ef C TfU labeled by points 
f G A of the natural extension satisfying the following properties: 

- Transversality: E s f ®E% = T f U; 

- Invariance: E* = BL(Ef); 

- Uniformly exponential expansion: there exist c > and p > 1 such 
that for any f G A, v G Ef: 

\\BU}(v)\\ > cp n , n = 0,l,.... 
(In the invertible case, this definition coincides with the standard one.) 
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Theorem 8.3 (Hyperbolicity criterion). Let L : (V,A) — > (U,A) be a 
complex analytic map satisfying the following properties: 

(i) L\A is topologically transitive and satisfies the specification property. 

(ii) There is an invariant complex codimension-one subbundle 8 s C ^aU-, on 
which DL is uniformly exponentially contracting. 

(iii) L is transversally nonsingular; i.e., the quotient maps 

D.L f : TfU/Ej -+ T Rf U/E s Rf 

are invertible. 

(iv) There is an e > such that L\A has no slowly e-shadowing orbits. 
Then L is uniformly hyperbolic over A. 

All the assumptions of Theorem 8.3 are satisfied for the renormalization 
operator of bounded type: 

(i) is valid by Lemma 8.1 (renormalization horseshoe); 

(ii) is true by the Theorem 8.2 (stable lamination); 

(iii) is satisfied by Lemma 5.3; 

(iv) is ensured by Theorem 5.9 (combinatorial rigidity). 

The only property which fails is that R acts on a Banach manifold. For 
this reason Theorem 8.3 cannot be directly applied to R. However, we can 
make some iterate of R act fiberwise analytically on a Banach fiber space 
over A. 

The reader can figure a proof of Theorem 8.3 by a straightforward adjust- 
ment of the argument below to the manifold setting. 

8.4. Hyperbolicity of R : A — > A. In this section we will give a proof 
of hyperbolicity of the renormalization operator R of bounded type on the 
renormalization horseshoe A. Let R : A — > A be the natural extension of the 
renormalization and (j) : A — > A be the natural projection. We will use bold 
letters f , g etc. for points in A and the corresponding usual italic letters /, g 
etc. for their projections to A. 

Theorem 8.4 (Hyperbolicity). For any f e A there is a splitting T ^QQ = 
© Ef with the following properties: 

• Ej = TfH(f) and the action ofDR is uniformly exponentially contract- 
ing on the subbundle 8 s = Uf^Ej; 

• dim£f = 1. This family of spaces is continuous and DR-invariant. The 
action ofDR on it is uniformly exponentially expanding (see §8.3). 
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Let us start with the choice of Banach fibers. By compactness of A, there 
is a choice of domains W(f) <s W'{f) of quadratic-like germs / G A satisfying 
the following properties: 

Wl. mod(W'(/) \ w (f)) > V with an absolute fi > 0; 

W2. There exists an r] > such that if distM(<7, f)<V for some f,g £ A then 
g£B f = B w{f) . 

W3. There exist £ > and iV € N such that R N B f (f,0 C jB flJV/ . 

W4. The vertical fibers Zf sit locally in Bf, f G -4; hence the vertical lines 
E v (f) (4.10) sit in the B f as well. 

The spaces £>/ are the Banach fibers mentioned above. We will let Bf{8) = 
B f (f, 5) and 

Pev n (R) = {g£A:R n g = g}. 

Now, we consider the stable tangent bundle £ s over A with fibers Ej = 
TH w(f) (f), and the "normal bundle" y over A with fibers Y f = T f B f /E s f . 
By the Stable Manifold Theorem, dimlj = 1. 

Let R*j : Yf — > Yrj stand for the quotient action of the renormalization. 

Let 

7(m=inf inf P"|iy n , 

where the norm || • || g of Di?" 9 : — > Yri s is evaluated with respect to the 
quotient Banach norms on the fibers. Note that by Corollary 6.2 j(R) > 1. 

Let R N = L, where N satisfies Property W3. All further notation involv- 
ing L will be similar to the corresponding notation for R. 

Lemma 8.5. For any A G (0,7(i?)) there is a constant c = c\ > such 

that 

> cA n , f€A, n>0. 

Proof. It is clearly enough to prove the desired property for R replaced 
with L. By Property W2, L can be locally trivialized: if /, g G A and 
dist(/, g) < 5, then L g : (Bf,g) — > (Bi,f,Lg). Moreover, locally trivializing 
the normal bundle y, we make the quotient on the same space 

Yf. As L* t9 continuously depends on g, for any e > there is a 5 > such 
that o — < e, provided dist(/, g) < 5. 

It follows that 

\\Llf(Ll g )- 1 -I\\ f = 0(ne), 
provided oib n g 5-shadows orb n /. 
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By the specification property, any orb n (/) can be 5-shadowed by an orb n (g) 
of a periodic point g of period at most n + I. Let f n = L n f, g n = L n g. It 
follows that 

K/H/ > \\Ll g \\ f exp(-Cn £ ) 

> 11^11/ \\Ll !g Jj'eM-Cne) > B- l 1 {L) n+l exp(-Cn £ ), 

where 

5= sup ||£*, 9 ||/ 

feA, dist(g,/)<5 

and C are independent of e. As "f(L) > 1, the conclusion follows. □ 

Given a tangent vector h £ Bf, let h s and h v stand for its projections to 
Ej and EJ respectively. Let us consider a family of tangent cones 

C e f = {heB r . \\h v \\ >9\\h s \\}, feA. 

LEMMA 8.6. For some N and 9 > 0, the cone field C®, f G A, is R N - 
invariant. Moreover, there exists a continuous R N -invariant family of complex 
lines Ef C Bf, f G A, complementary to 8 s . 

Proof. Let us show that for a sufficiently big N and sufficiently small 
a > 9 > 0, 

(8.2) BR N Cf C C% Nf , 

(in particular, the family of cones C®, f G A, is Dit^-invariant). Indeed, by 
the Stable Lamination Theorem and Lemma 8.5, there exist A S (0,1), p > A, 
such that for S = R l 

\\BS f h\\ < \\\h\\, h e Ej; \\DS f h\\ > p\\h\\, h G E). 

Moreover, since the decomposition Bj = Ej © EJ continuously depends on /, 

\\(DS f hy\\<A\\h\\. 

Take 9 > so small that A + A9 = p < p. Let h G dCf, so that \\h v \\ = 9\\h s \\. 
Then 

\\(BS f h) s \\ < X\\h s \\ + A\\h v \\ = p\\h s \\. 



Hence for h G dCj we have: 



\\(BS f hy\\ > p\\w\ 



\\{BS f h) s \\ ~ p Whsf 

so that DSf(dCj) C C^. with a = (p/p)9. As the cones are convex, (8.2) 
follows. 

Let us now consider the projective cone Pf, the space of lines in Cj . Let us 
supply it with the following hyperbolic distance. Take two lines G P®. Select 
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two points 7$ G Tj, join them by the straight line and take the intersection 
/ = ^(71,72) of this line with the cone Cj. We consider this interval / as a 
model for the hyperbolic line and supply it with the corresponding hyperbolic 
metric. Then 

dist e (r!,r 2 ) = dist hyp (7i,7 2 | I). 

This definition is independent of the choice of representatives 71 and 72 since 
the transition from one pair to another, 7J and 7 2 , is carried by a Mobius 
transformation I — > /' which preserves the hyperbolic metric. 

Moreover, the hyperbolic distance dist a in the cone C a strictly dominates 
dist 6 *: there exists a q > 1 such that 

dist a (ri,r 2 ) > gdist*(ri,r 2 ), 

since / a (7i,72) has a bounded hyperbolic length in / e (7i,7 2 ). As S : P® — > 
P^j- is contracting from dist e to dist", the map S : P® — > Pgf is uniformly 
contracting in dist . Hence for any two-sided orbit f = {fk}kel. with itinerary 
f € A, the cones Jf = DS k (Cj ) exponentially shrink to a single complex 
line Ef as — > +00. Obviously, this family of lines is DS'-invariant. 

If the orbits f and g with itineraries f and fj respectively are so close that 
their backward pieces of length k 5-shadow one another, then the cones Jj and 
Jg are also close and localize well the lines Ef and E™. This shows continuity 
of the line field. □ 

Let D s f (S) C Ef(5) and D^(S) C E${8) stand for the 5-disks about 
/ = 0(f) in the stable/unstable subspaces Ej and Ef respectively. Let 

(8.3) D f (5) = D s f (5) x Df{8) 

stand for the corresponding (5-bidisks, and let d u Df(5) = Dj(5) x dDf(5) be 
their horizontal boundaries. 

Lemma 8.7. If j(R) = 1 then R has a slowly shadowing orbit. 

Proof. Let us consider the disjoint union B = U f ^Bf(So) supplied with 
the topology induced from Ax B. Let 

V{5) = U feA D ( {S) C B. 

The renormalization R N gives rise to an operator L : T>{5) — > B acting 
fiberwise. By the Stable Manifold Theorem and Lemma 8.6, this operator is 
exponentially horizontally contracting and has an invariant cone field in the 
bidisk family T>{5) (provided 5 is sufficiently small). 

For A G (0, 1), let us consider a fiberwise linear contraction T\ : B — > B '. 
Perturb L by post-composing it with this contraction: L\ = T\ o L. If an 
Z-periodic point f G A becomes attracting under this perturbation, then by 
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the Small Orbits Theorem, there is a t and a point g G d u D^ tf (5) in the basin 

of f such that L k g G D^ k+tf (<5), fc = 0, 1, 

Since 7(i?) = 1, for any A G (0, 1) there is an attracting periodic point 
fx and the corresponding shadowing point g,\ G d u Df x (5). But by Lemma 
4.1, the set is compact in B. Passing to limits f = limf\ fc G A and 

g = limgA fc G Df(S) we conclude that / is shadowed by g G" Wf oc (/). □ 

Proof of the hyperbolicity Theorem 8.4. By the Combinatorial Rigidity 
Theorem, R\A does not have slowly shadowing orbits. Hence by Lemma 8.7, 
7(-R) > 1, so that the periodic points of R are uniformly repelling in the 
transverse direction. By Lemma 8.5, R is exponentially expanding in the 
transverse direction. Hence by Lemma 8.6, R N \A is exponentially expanding 
on the family of unstable lines. Together with the Stable Lamination Theorem 
this yields uniform hyperbolicity of R N \A. 

By Theorem 6.3 (hyperbolicity in the stationary case), the unstable lines 
are uniquely determined for periodic points f G A (i.e., independent of 
the choice of Banach spaces Bf and the iterate R N ), and form a Di?-invariant 
family. Since the full family of unstable lines Ef , f G A, is continuous, it is 
uniquely determined and Di?-invariant everywhere. □ 

8.5. Unstable manifolds of R\A. We will keep the notations of the previous 
section. In particular, Bf will stand for the family of Banach slices satisfying 
properties W1-W4. 

Theorem 8.8 (Local unstable manifolds). There exists a continuous 
family of complex one- dimensional analytic manifolds W 1 " c (f) C Bf through 
f = 0(f) G A satisfying the following properties: 

(i) W 1 " c (f) is tangent to Ef and transverse to VVf oc (/). 

(ii) Wi oc (Rf) C flW£ c (f); thus the inverse map RJ 1 : W? oc (Rf) -»• W£ c (f) 
is well-defined. 

(iii) There exist p G (0, 1) and C > such that for any g G W 1 " c (f), 

\\g-n ~ /-n||/_ n < Cp n , 
where /_ n = 4>{R~ n £) and g- n are the corresponding preimages of g. 

(iv) The straightening s \ : VV 1 " c (f) — > Mq are uniformly K-qc. 

Proof. As in the proof of Lemma 8.7, let us lift the iterate L = R N to 
the hyperbolic fibered Banach operator L : T>{5) — > B, and let L = R N . By 
the Hyperbolicity Theorem, L is hyperbolic. By a standard construction, it 
generates a continuous family of local unstable manifolds W 1 " c (f) satisfying 
the above properties. 
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The construction is the following. Let us consider a family Qf of complex 
analytic curves r C Df which are represented by the graphs ijj : — > Df 

of analytic functions whose tangent lines belong to the cones Cf ^ . Supply 
this family with the uniform norm. Let us define an operator on Qf as the 
truncated image of the functions: ip *— > Lip n . Since L is horizontally con- 
tracting, vertically expanding, and preserves the cone field (for TV" big enough) , 
it maps Qf into uniformly contracting the distance. It follows that there 
exists a 

lim L?V-n = W 5 u (f) G g t , 

n— >oo 

where Y>_„ is an arbitrary function of the family £?£_„ f ■ All the desired prop- 
erties of this family (with Pl replaced by L) are obvious. 

Passing from L = R N back to R we need to ensure property (ii) . It is easy 
to see from the construction that the manifolds RWg (f) and Wg(Rf) represent 
the same germ at Rf = 4>(Rf). Moreover, clearly by taking 5 sufficiently small 
we can make the iterates R k , k = 0, 1 . . . , N, to be well-defined on the W$ (f). 
Let us now define the unstable manifolds as 

Wi M oc(f)= U R k Ws(R- k f)- 

0<k<N 

Clearly this new family satisfies the properties (i)-(iii). 

Property (iv) follows from Theorem 4.19. □ 

Similarly, as in the stationary case, we can now globalize the unstable 
lamination. For f 6 A, let us define the unstable Mandelbrot set _M u (f) as 
the set of infinitely anti-renormalizable points g G C such that there exists a 
one-sided tower g = {g- n }neN with the following property: g- n G Bj_ n for 
sufficiently big n and \\g- n — f- n \\f- n -> as n -t oo. 

Theorem 8.9 (Global unstable leaves). Let f G A, r_ = r_(f) = 
{M_„}„ GN . Then 

(i) A point g G C belongs to M u (f) if and only if there exists a one-sided 
tower g = {<7o, <?-i, • • •} with combinatorics r_ and a priori bounds. 
Moreover, in this case g~n G Wj" c (f_ n ) /or a// sufficiently big n, where 

f_ n = ir n f . 

(ii) T/ie straightening M u (f) — > Mq is injective. 

(iii) For any jjl > 0, f/ie sei A^"(f) = G A4 M : 3 a one-sided tower g wit/i 
g = go an d mod(g) > /i} is embedded into a one- dimensional complex 
analytic manifold W"(f) which extends the local manifold W\" c (f). 

(iv) The manifold W"(f) is transverse to the foliation T . 
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(v) The germ of the manifold VV^(f) nearC is mapped to the germ ofW^(Rf) 
under the renormalization. 

(vi) The straightening .M"(f) — > Mq is K(/jl) -quasi- conformal. 

Proof, (i) If g = {go, 9-1, • . •} is a tower with combinatorics r_(f) and a 
priori bounds, then g^ n G Bj_ n for sufficiently big n and \\g~ n — f-n\\f- n — ► 
as n — > oo. Otherwise we would construct by the diagonal process a bi- infinite 
tower {/i n }^ = _ 00 with some combinatorics r G but different from the tower 
in A with the same combinatorics. This would contradict the Tower Rigidity 
Theorem. 

The rest of the argument follows the lines of the proof of Theorem 6.5 
replacing the fixed point with the inverse orbit. □ 

The manifolds W u (f) = U^>oW^(f) constructed above will be called 
(global) unstable leaves. The global unstable set of f (i.e., the set of points g 
whose backward orbits are asymptotic to the backward orbit of f) consists of 
infinitely many leaves. 

8.6. Real horseshoe. In the same way as for stationary combinatorics 
(Theorem 6.6), the above results can be refined in the case of real combina- 
torics. In the following statement all the sets (QG, *H(f), stable and unstable 
leaves) mean the real slices of the sets considered above (without change of 
notation). 

Theorem 8.10 (Real horseshoe). Let C C N be a finite family of real 
Mandelbrot sets and R = Re be the corresponding renormalization operator. 
Then: 

(i) There exists a real compact invariant set A C C on which R is topologi- 
cal^ conjugate to the shift uj : — > S^. 

(ii) The renormalization operator R is uniformly hyperbolic on A. 

(iii) The stable leaf W s (/), f £ A, coincides with the hybrid class Tt(f); 
codimW s (/) = 1. 

(iv) For any 5 > there exists a jjl > such that every unstable leaf W^(/), 
/ G A, transversally passes through all real hybrid classes 7i c with c £ 
[—2, 1/4— 5]; dimW"(/) = 1. These unstable leaves are pairwise disjoint. 

(v) The straightening W^(/) — > [—2, 1/4 — S] is K (8) -quasi- symmetric. 

Remark. The disjointness of the unstable leaves follows from the injectivity 
of R (Lemma 5.1). 
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9. Applications of the renormalization horseshoe 



In this section we will derive from the above renormalization theory the 
Hairiness, Self-similarity and Universality Theorems in the case of bounded 
combinatorics. The exposition will be sketchy as it follows the lines of the 
stationary case (where the renormalization fixed point is replaced by the orbits 
of the renormalization horseshoe). At the end we will prove the HD Theorem. 

We keep our standing assumptions (of Lemma 8.1) which ensure existence 
of the hyperbolic horseshoe A. 



9.1. Distortion and linearization. Given a conformal diffeomorphism (p : 
X — > Y between two complex one-dimensional Riemannian manifolds, the 
distortion (or nonlinearity) of 4> is defined as 

IID^OH 
n(</>) = sup log ||r> -777^ ■ 

By the Koebe Distortion Theorem, if X and Y are hyperbolic planes then n(4>) 
is uniformly bounded in any hyperbolic disk of radius r > (with a bound 
depending on r only). Moreover, n(r) = 0(r) with an absolute constant, as 
r -> 0. 

Let us supply each unstable leaf WJL(f), f £ A, with the Riemannian 
metric induced from the Banach space Bf = Bw(f), f = <fi(f) £ A (see §8.4). 
Let us make a few remarks on this family of metrics: 

• Since the U fg ^W 1 " c (f) sit in a compact part of QQ, these metrics are 
uniformly equivalent (after perhaps a slight shrinking of the domains W(/)) 
to the metric induced from a single Banach space By- 

• Supply the unit disk B with the Euclidean metric. Then the uniformiza- 
tions <pf : Wj" (f) — ► B have a uniformly bounded distortion. Indeed, in the 
local coordinate systems Bf = Ej®E^ the manifolds W[" c (f) have a uniformly 
bounded vertical slope. Hence the projections 

(9.1) pf : Hf oc (f) - -Df (5) 

have a uniformly bounded distortion. But since the space Ef is one-dimensional, 
the Banach disk Df (6) is linearly conformally equivalent to the standard Eu- 
clidean disk B. 

Moreover, as the slopes of the W 1 " c (f) are uniformly bounded, by the 
Cauchy inequality, their graphs have uniformly bounded second derivatives as 
well. Hence the distortion of pf uniformly linearly vanishes as 5 — > 0, i.e. 
n(pf) = 0(5). 

It follows that the Koebe Distortion Theorem is valid with respect to the 
Banach metrics on the leaves W^f). This yields for R the usual distortion 
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estimates. Namely, let R f 11 mean the inverse branches of R n \W\ oc {f) corre- 
sponding to the backward orbit f and D" means the differential in the direction 
ofW£ c (f). 

Lemma 9.1 (Distortion). There exists a C > 1 such that for any f G A 
andgeW? oc (f), 

r -i l|D"V*(/)ll r 
Moreover, ifdist(f,g) < e then 

ggCQl = 1 + 0(£) . 

||D«V(9)II 

One can go further and linearize i? along the unstable lamination: 

Lemma 9.2 (Linearization). T/iere is a family of conformal local charts 
ipf : W 1 " c (f) -> C, f G ^4, uref/i uniformly bounded distortion, and a function 
A : .4 — > C which linearize R: 

rh kf (Rg) = A(f> f ( 5 ). 

Proof. Let us start with local charts provided by the family of projections 

(9.1) . Let A(f) denote the derivative of i?|VVj£ c (f) at / = 0(f) with respect to 
these local charts at f and Rf , and let 

n-l 

q n (f) = J] H&f) 

m=0 

stand for the corresponding n-fold derivatives (which form a C-valued multi- 
plicative cocycle). 

Consider the backward orbit {f_ n } = R~ n f, and the corresponding back- 
ward orbits {f-n = 0(f_ n )} and {g- n } of some g G W 1 " c (f). Let 

<t>t{g) = lim q n (f- n ) (p n (g-n) -Pn(f-n)), 
n — >oo 

where p n =Pf ■ By the Distortion Lemma, the ratio of two consecutive terms 
of the above sequence goes to at a uniformly exponential rate, and hence the 
above limit exists and represents a conformal chart on W\" c (f). It is obvious 
that these charts provide a desired linearization of R. □ 

9.2. Hairiness. The Hairiness Conjecture at a Feigenbaum parameter 
value c G Mo of bounded type is stated in the same way as for the station- 
ary combinatorics. Namely, let r = r(e) be the maximal number such that 
B(6, re) C D(c,e) \ Mo (i.e., the maximal relative size of gaps in Mq in scale 
e). Then 

(9.2) r(e) ^0 as e -> 0. 
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Proof of the Hairiness Conjecture (bounded combinatorics). Assume that 
(9.2) fails, so that there is a decaying sequence of scales around c in which Mq 
has definite gaps. Since the holonomy Wj" (f) — ► Mq, f € A, is uniformly qc 
(Theorem 8.8), on any unstable manifold W 1 " c (f) there is a sequence of scales 
in which the corresponding Mandelbrot set Ai u (f) has definite gaps (where the 
relative size r > of the gaps is uniform over the family of unstable manifolds) . 

Let us take a point f € A and a corresponding definite gap U C W 1 " c (f) 

in some scale e > 0. We push it forward by the renormalization, Uk = R k U, 
k = 0,1, ... ,n, where n is selected in such a way that the gap U n has size 
of order 1. By the Distortion Lemma, at this moment U n is an "ellipse" of 
bounded shape whose size is commensurable with the size of the unstable 
manifold Wy oc (f n ), where f n = R n f. 

Take now two points g,g £ U whose distance apart is of order e and 
whose distances to the boundary dll have the same order. Let = R k g, 
gk = R k g, k = 0, 1, . . . , n. By bounded distortion, the distance between g^ and 
<7fc, their distances to the boundary dUk, and their distances to ft = 0(ffe), 
are all comparable. In the proof of the Hairiness Conjecture for stationary 
combinatorics we have shown that this property implies that g\. and g^ are 
K-qc conjugate by a map staying a definite uniform distance away from the 
identity. 

Take now a middle iterate h n = g\, I = [w/2], as the zero coordinate of 
the tower h n = {R k h n } l k= _ l , and pass to a limit as n —> oo. We obtain a bi- 
infinite tower with bounded combinatorics and a priori bounds which admits 
a nontrivial automorphism contradicting Corollary 5.12. □ 

9.3. Self- similarity and universality. 

Lemma 9.3 (Transverse conformality) . There exists an a = a(£) > 
such that the foliation T is transversally C 1+a -conformal along any stable leaf 
H(g), g£A. 

Proof. Let us take a transversal S to H(g) at some point /. It is enough 
to study the holonomy h from S to an unstable manifold Wj" c (g) . We consider 
a family of bidisks Df = Dj x (8.3) and an iterate L = R N which acts 
hyperbolically on this family (uniformly contracting in the horizontal direction 
and uniformly expanding in the vertical). 

Let us consider the forward orbit g m = L m g £ A and the corresponding 
sequence of bidisks D Sm = D m = D s m x D^. Let S m denote the connected 
component of D m n L m S containing f m = L m f. Then by hyperbolicity of L, 
the S m can be eventually represented as graphs of analytic functions — > D s m 
with bounded vertical slope. Moreover these graphs are exponentially close to 
the corresponding unstable manifolds = Wj£ c (g m ). 
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Let q>fi>l, M=SnC. Take two points z±, zi G M. whose distance 
from a = f is of order e = q~ n , and iterate them forward by L m until they 
go to points Ci)C2i whose distance from b = L m a is of order fi~ n . By the 
Distortion Lemma this transition has distortion of order /i~ n , as in (7.13). 

Furthermore, the manifolds S m and are exponentially close and hence 
by the A-lemma the holonomy between them has exponentially small ratio 
distortion at points (i,(2,b, as in (7.15). 

Applying L~ m , we conclude that the holonomy h has ratio distortion of 
order e a in scale e about a, which yields C 1+a -conformality at a. □ 

Theorem 9.4 (Self-similarity for bounded combinatorics). Let c be a 
Feigenbaum parameter value of bounded type satisfying our standing hypothe- 
ses, and M G C be the Mandelbrot copy containing c. Then the homeomor- 
phism a : M -> M is C 1+a at c. 

Proof. This follows from the transverse conformality of the foliation T 
(Lemma 9.3) and analyticity of the renormalization R on the unstable lamina- 
tion. □ 

9.4. Universality for bounded combinatorics. Let us restrict ourselves to 
the real case, as the complex statement is obtained by the usual adjustment. 
We take a finite family C of real Mandelbrot sets centered at points G 
(—2, 1/4). Consider a Feigenbaum parameter value c* G (—2, 1/4) with combi- 
natorics {Mj^), Mj( 2 ), . . .}. Also we consider the centers c n = * ... * 
of the n- fold-tuned Mandelbrot copies. 

Theorem 9.5 (Universality for bounded combinatorics). The sequence 
c n exponentially converges to c*: 

(9.3) b\- n < \cn -c*| < BA- n , 

with some B,b > and A, A > 1. 

Let S = {ffi} be a real analytic one-parameter family of quadratic-like 
maps transversally intersecting the hybrid class TL Ct at /i* . Then for /x near 
/i* and all sufficiently big n, S has a unique intersection point with the hybrid 
class Tt Cn , and 

(9.4) \»n-»*\ = a 1^-0*1(1 + 0(q n )), 
where a = a(S) > and q = q{C) G (0, 1). 

Proof. By Lemma 8.1, there is a map /* G A such that x(f*) = c *- By 
Theorem 8.10, there exist maps /„ G W"(/*) such that x(fn) = c n . Then 

R m fn G W u {R m h) and x(R m fn) = c n „ m . 

Since dist(i? n / n , R n f*) is bounded and Rr n exponentially contracts the un- 
stable leaves, f n — > /* exponentially fast (with the rate depending only on the 
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family C). Since by Lemma 9.3 the foliation T is transversally C 1+a , (9.3) 
follows. 

Applying C 1+Q -conformality once more, we obtain (9.4). □ 

Thus for any bounded combinatorics r = (Mo, Mi, . . .) there is a universal 
scaling law of transition in generic one-parameter families to the parameters 
with these combinatorics. 

9.5. Hausdorff dimension. Let = {l,...,d}, d > 1. Consider a 
hierarchical family of interval If C R, where i = (io, . . . , i n -i), ik £ Afj 
re = 0, 1, ... . Assume that the intervals of a given rank n are pairwise disjoint, 
while for any j G L d , I- n+1 C 7- n . The components G? +1 of I- n \ U,-7- n+1 are 
called the gaps of rank n + 1. Let 

n i 

The set Q is called a Cantor set with bounded geometry if the family of config- 
urations (74 1 , Ui? +1 ) have uniformly bounded geometry; i.e., the intervals 

and the gaps are commensurable with If (with a constant independent 

of n and i). It is a well-known and simple fact that a Cantor set with bounded 
geometry has Hausdorff dimension strictly in between and 1. 

Now, consider a finite family C = {M^} of real Mandelbrot copies centered 
at Cfc. Recall that Ic C (—2, 1/4) stand for the set of infinitely renormalizable 
real parameter values of type specified by this family (see the introduction). 

Lemma 9.6. The set Ic is a Cantor set with bounded geometry (depending 
on C). 

Proof. Consider the renormalization windows Ik obtained by removing 
from Mfc nMa neighborhood of the cusp For instance, let us remove the 
intervals (ck,bk\. On the union of these windows we have the straightened 
renormalization operator: 

a = X oR: (J h -[-2,0]. 

i<k<d 

For i = (i , . . .,i n -i), let If = {c : a k (c) G I ik , k = 0, . . . , n - 1}. Then 



Let us now transfer these intervals to the unstable lamination. For / G A, 

let 

mf) = (XIVH/))- 1 /?. 
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Since the holonomy x '■ VV"(/) — > [—2,0] is uniformly quasi-symmetric, the 
configurations (W u (f), UXfc(/)) have uniformly bounded geometry (indepen- 
dent of / G «4). But by the Distortion Lemma, the map 

R n : (2f(/),|j2|;+ 1 (/)) - (VV u (iT/),U^(# n /)) 

has a bounded distortion. Hence all the configurations UfeT" j ^ 1 (/)) 
have uniformly bounded geometry, so that the Cantor set 1(f) = 
(x|VV u (/)) _1 //; has bounded geometry. As the holonomy is quasi-symmetric, 
the desired statement follows. □ 

Now the HD Theorem stated in the introduction follows. 



10. Appendix 1: Quasi-conformal maps 

The material of this appendix is standard in analysis and dynamics. We 
add it in order to fix some terminology and notation and to provide for the 
reader's convenience some basic references. 

10.1. Quasi-conformal maps. The reader can consult [A], [LV] for the 
basic theory of quasi-conformal maps. 

Let U, V stand for domains in C. We say that a continuous map / : U — > C 
belongs to (Sobolev) class H if it has locally square integrable distributional 
derivatives dh, dh. A homeomorphism h : U — ► V is called quasi-conformal 
(qc) if it belongs to H and \dh/dh\ < k < 1 almost everywhere. As this local 
definition is conformally invariant, one can define qc homeomorphisms between 
Riemann surfaces. 

One associates to a qc map an analytic object called a Beltrami differential, 
namely 

dh dz 
^ dhdz' 

with Halloo < 1. The corresponding geometric object is a measurable family of 
infinitesimal ellipses (defined up to dilation), pull-backs by h* of the field of 
infinitesimal circles. The eccentricities of these ellipses are ruled by and 
are uniformly bounded almost everywhere, while the orientation of the ellipses 
is ruled by the arg^. The big axes of these ellipses determine a line field 
on the measurable support of the differential. The dilatation Dil(/i) = = 
(1 + || /-* || oo) /(I — 1 1 A 4 1 loo) of h is the essential supremum of the eccentricities of 
these ellipses. A qc map h is called K-qc if Dil(/i) < K. 

A remarkable fact is that any Beltrami differential with ||//oo|| < 1 (or 
rather a measurable field of ellipses with essentially bounded eccentricities) is 
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locally generated by a qc map, unique up to post-composition with a confor- 
mal map. Thus such a Beltrami differential on a Riemann surface S induces 
a conformal structure quasi-conformally equivalent to the original structure 
of S. Together with the Riemann mapping theorem this leads to the following 
statement: 

Theorem 10.1 (Measurable Riemann Mapping Theorem). Let n be a 
Beltrami differential on C with \\Hoo\\ < 1- Then there is a unique quasi- 
conformal map h = : C — > C which solves the Beltrami equation: \dh/dh\ 
= (i, and is normalized at three points. Moreover, holomorphically depends 
on (i. 

The last statement means that h^(z) holomorphically depends on /x for 
every given z (note that [i is an element of the unit Banach ball of L°° which 
has a natural complex structure) - see [AB] for a thorough discussion. 

In what follows, by a conformal structure we will mean a structure asso- 
ciated to a measurable Beltrami differential \i with ||//||oo < 1- We will denote 
by u the standard structure corresponding to the zero Beltrami differential. 

Another fundamental property of qc maps is the following: 

Theorem 10.2 (Compactness). The space of K-qc maps h : C — ► C 
normalized by h(0) = and h(l) = 1 is compact in the uniform topology on 
the Riemann sphere. 

Corollary 10.3. Let h : (C, 0, 1) — »■ (C, 0, 1) be a K-qc map. Then for 
e > 0, hD(l, e) D D(l, 5) with 5 = 5{K, e) > 0. 

We will also make use of the following properties: 

Lemma 10.4 (Gluing). Consider a compact set Q C C, two of its neigh- 
borhoods U and V, and two maps (f) : U — > C and ip : V \ Q — > C of class H. 
Assume that these maps match on dQ, i.e., the map f : V — > C defined as (p 
on Q and as ip on V \ Q is continuous. Then f G H and the distributional 
derivatives of f on Q are equal to the corresponding derivatives of (p. In par- 
ticular, if <p and ip are qc homeomorphisms, then f is a qc homeomorphism 
and Dil(/) = max(Dil(</>|Q),Dil(V>))- 

See e.g., [DH2, Lemma 2, p. 303] for a proof (where the lemma is stated for 
qc homeomorphisms but the proof goes through for general maps of class H). 

10.2. Qc classification of quadratic maps. Let us consider the quadratic 
family P c : z h-> z 2 + c, c G C, and its Mandelbrot set Mq = {c : J(P C ) is 
connected}. Recall that a component H of intMo is called hyperbolic if the 
maps P c , c £ H, have an attracting cycle. Any hyperbolic component contains 
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a unique superattracting parameter value cu called its center. Nonhyperbolic 
components of intMo are called queer (conjecturally they do not exist). 

Theorem 10.5. The quadratic family is decomposed into the following 
quasi- conformal classes: 

(i) the complement of the Mandelbrot set, C \ Mq; 

(ii) punctured hyperbolic components H \ch', 

(iii) queer components; 

(iv) single points. 

The holomorphic deformations in the qc classes can be obtained via holomor- 
phic motions. 

In case (i), the qc deformation is obtained by changing the position of 
the critical value. In case (ii) it is obtained by changing the multiplier of the 
attracting point. In case (iii) the deformation is generated by an invariant line 
field on the Julia set. The last statement says that points on the 8Mq (and of 
course the centers of hyperbolic components) are qc rigid. In particular, they 
do not admit invariant line fields on the Julia set. See [L3], [McM3] for further 
discussion and references. 



11. Appendix 2: Complex structures modeled on 
families of Banach spaces 

11.1. Complex analysis on Banach manifolds. We assume familiarity 
with the standard theory of manifolds modeled on Banach spaces (see e.g., 
[Dl], [Lang]). Below we will state a few facts which are specifically complex 
analytic. 

Given a Banach space B, let B r {x) stand for the ball of radius r centered 
at x in B, and B r = B r (0). 

The Cauchy Inequality. Let f : (B±,0) — > (D 1 ,0) be a complex 
analytic map between two unit Banach balls. Then ||D/(0)|| < 1. Moreover, 
for x £ B\ , 

||D/(x)|| < -\j 
1 — ||x|| 

Proof (Yuri Lyubich). Take a vector v £ B with \\v\\ = 1 and a linear 
functional tp on T> with ||^|| = 1. Consider an analytic function <j> : Bi — > Bi, 
<p(\) = ip(f(\v)). As |0(A)| < 1, the usual Cauchy Inequality yields: |^'(0)| = 
\ip(Df(0)v)\ < 1. Since this holds for any normalized v and tp, the former 
estimate follows by the Hahn-Banach Theorem. 
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The latter one follows from the former by restricting / to the ball Si_|| x || (x). 

□ 

The Cauchy Inequality yields: 

The Schwarz Lemma. Let r < 1/2 and f : (#1,0) — »■ (V r ,0) be a 
complex analytic map between two Banach balls. Then the restriction of f onto 
the ball B r is contracting: — f(y)\\ < q\\x — y\\, where q = r/(l — r) < 1. 

Proof. By the Cauchy Inequality, ||D/(x)|| < q for x £ B r . Integrating 
this along the interval [x,y], we obtain the conclusion. □ 

Let us now state a couple of facts on the intersection properties between 
analytic submanifolds which provide us a tool to obtain the transversality 
results. 

Let X and S be two submanifolds in the Banach space B intersecting at 
point x. Assume that codimA' = dim S = 1. Let us define the intersection 
multiplicity a between X and S at x as follows. Select a local coordinate 
system (w,z) near x in such a way that x = and X = {z = 0}. Let us 
analytically parametrize S near 0: z = z(t),w = w(t), z(0) = 0,^(0) = 0. 
Then by definition, a is the multiplicity of the root of z(t) at t = 0. 

The Hurwitz Theorem. Under the above circumstances, consider a 
submanifold y of codimension 1 obtained by a small perturbation of X. Then 
S has a intersection points with y near x counted with multiplicity. 

Proof. We use the above local coordinates and parametrization. In these 
coordinates y is a graph of a holomorphic function z = 4>{w) which is uniformly 
small at some neighborhood of (this is the meaning of y being a small 
perturbation of X). The intersection points of y and S are the roots of the 
equation z(t) = cj>(w(t)). By the classical Hurwitz Theorem, this equation 
has exactly a roots near the origin, counted with multiplicities if <p is small 
enough. □ 

As usual, a foliation of some analytic Banach manifold is called analytic 
(smooth) if it can be locally straightened by an analytic (smooth) change of 
variable. 

The Intersection Lemma. Let T be a codimension- one complex an- 
alytic foliation in a domain of a Banach space. Let S be a one- dimensional 
complex analytic submanifold intersecting a leaf £$ of the foliation at a point 
x with multiplicity a. Then S has a simple intersection points with any nearby 
leaf. 

Proof. Let us select local coordinates (w, z) near x so that x corresponds to 
0, and the leaves of the foliation near are given by the equations C £ = {z = e}. 
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Let z = z(t),w = w(t) be an analytic parametrization of S, with t = 
corresponding to x = 0. Then z(t) = at a (l + 0(t)), a / 0, has a root of 
multiplicity a at 0. Clearly there is an analytic local chart r = r(t) in which 
the curve is parametrized as exact power: z{f) = r CT . Then for small e ^ 0, 
the equation z(t) = e has cr simple roots near 0: Tj = e x l° ' . □ 

Corollary 11.1. Under the circumstances of the above lemma, S is 
transverse to Cq at x if and only if it has a single intersection point near x 
with all nearby leaves. 

Let X C C be a subset of the complex plane. A holomorphic motion of 
X over a Banach domain (A, 0) is a a family of injections h\ : X — ► C, A G A, 
with /io = id, holomorphically depending on A 6 Bi (for any given z G X). 
The graphs of the functions A i-> h\(z), z G A, form a foliation J? 7 (or rather a 
lamination as it is partially defined) in A x C with complex codimension-one 
analytic leaves. This is a "dual" viewpoint on holomorphic motions. 

We will now state a basic fact about holomorphic motions usually referred 
to as the "A-lemma". It consists of two parts: extension and quasi-conformality 
which will be stated separately. The consecutively improving versions of the 
Extension Lemma appeared in [LI], [MSS], [ST], [BR], [SI]. The final result is 
due to Slodkowski: 

The A-lemma (Extension). A holomorphic motion h\ : X* — > X\ of 
a set X* C C over a topological disc D admits an extension to a holomorphic 
motion H\ : C — > C of the whole complex plane over D. 

The point of the following simple lemma as compared with the previous 
deep one is smoothness of the extension. The parameter space is allowed to be 
infinitely dimensional. 

Lemma 11.2 (Local extension). Let us consider a compact set Q C C 
and a smooth holomorphic motion h\ of a neighborhood U of Q over a Banach 
domain (A, 0). Then there is a smooth holomorphic motion H\ of the whole 
complex plane C over some neighborhood A' C A of whose restriction to Q 
coincides with h\. 

Proof. We can certainly assume that U is compact. Take a smooth func- 
tion cf) : C — > R supported in U and let 

H x = 4>h x + (l-4>)id. 



Clearly H is smooth in both variables, holomorphic in A, and identical outside 
U. As Ho = id, H\ : C — ► C is a diffeomorphism for A sufficiently close to 0, 
and we are done. □ 
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Given two complex one-dimensional transversals S and T to the lamina- 
tion T in B\ x C, we have a holonomy S — > T. We say that this map is locally 
quasi-conformal if it admits local quasi-conformal extensions near any point. 

Given two points A, p 6 B\, let us define the hyperbolic distance p(A, /i) in 
B\ as the hyperbolic distance between A and p in the one-dimensional complex 
slice A + t(p — A) passing through these points in £>i. 

The A-lemma (quasi-CONFORMALITy). Holomorphic motion h\ of a 
set X over a Banach ball B\ is transversally quasi-conformal. The local di- 
latation K of the holonomy from p = (A, u) £ S to q = (p, v) £ T depends 
only on the hyperbolic distance p between the points A and p inB\. Moreover^ 
K = 1 + O(p) as p -> 0. 

Proof. If the transversals are vertical lines A x C and pxC then the result 
follows from the classical A-lemma [MSS] by restriction of the motion to the 
complex line joining A and p. 

Furthermore, the holonomy from the vertical line A x C to the transversal 

5 is locally conformal at point p. To see this, we select holomorphic coordinates 
(9, z) near p in such a way that p = and the leaf via p becomes the parameter 
axis. Let z = ip(0) = e + . . . parametrize a nearby leaf of the foliation, while 

6 = g(z) = bz + . . . parametrizes the transversal S. 

Let us do the rescaling z = e(,9 = ev. In these new coordinates, the 
above leaf is parametrized by the function ^l(y) = e~ l ip{ev), \v\ < R, where 
R is a fixed parameter. Then ty'(y) = ip'{ev) and = Eip"{Ei>). By 

the Cauchy Inequality, ^"{y) = 0(e). Moreover, ip uniformly goes to as 
^(0) -► 0. Hence |^'(0)| = |V>'(0)| < S (e), where 5 (e) as e 0. Thus 
= S (e) + O(e) < 5(e) -> as e -> uniformly for all \v\ < R. It follows 
that = 1 + 0(<5(e)) = 1 + o(l) as e -► 0. 

On the other hand, the manifold 5 is parametrized in the rescaled coordi- 
nates by a function v = bQ(\ + o(\)). Since the transverse intersection persists, 
S intersects the leaf at the point (Vo>Co) = (b, 1)(1 + o(l)) (so that i? should 
be selected bigger than ||6||). In the old coordinates the intersection point is 
(e ,z ) = (e,te)(l+o(l)). 

Thus the holonomy from A x C to S transforms the disc of radius |e| to 
an ellipse with small eccentricity, which means that this holonomy is asymp- 
totically conformal. As the holonomy from p x C to T is also asymptotically 
conformal, the conclusion follows. □ 

Quasi-conformality is apparently the best regularity of holomorphic mo- 
tions which is satisfied automatically. A holomorphic motion is called smooth 
(or real analytic etc.) if it has the corresponding regularity in both variables. 
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11.2. Inductive limits. Let (V, >-) be a partially ordered set. In this 
section we assume that V is directed i.e., any two elements have a common 
majorant. We assume that V has a countable base; i.e., there is a countable 
subset W C V such that any V G V has a majorant W € W. 

Let us consider a family of Banach spaces By labeled by the elements of V. 
An e-ball in By centered in an / G By will be denoted By(f,e). Elements of 
the By will be called "maps" (keep in mind further applications to quadratic- 
like maps). For every pair U >- V, we have a continuous linear injection 
iuy '■ By — ► Bjj- We assume the following properties: 

CI. Density: the image iuy By is dense in Bu', 

C2. Compactness: the map iuy is compact; i.e., the images of balls, 
iuyBy(f, R), are pre-compact in B\j. 

Lemma 11.3. 

• If U,W y V , f £ By, R > 0, then the metrics pu and pw induced on 
the ball By(f,R) from B\j and B\y are equivalent. 

• Let U >- V, and fa : (Bu,By) — > (C,C) be a family of linear functionals 
continuous on the both spaces. Let us consider the common kernels of 
these functionals in the corresponding spaces: C\j C B\j and Cy = Cu H 
By. Then codim(£;y|£>;y) = cod\m(Cy\By) . 

Proof. • It is clearly enough to check the case when W >- U. Assume that 
there exists a sequence f n 6 By(0,R) such that — ► while ||/ n ||f/ stay 

bounded away from 0. By compactness of iuy, we can pass to a limit f n —*f 
in Bu along a subsequence. Then / / 0, while iw,uf = contradicting that 
iw,u is injective. 

• If a family of functional as above is linearly dependent on By then by 
the density property it is linearly dependent on Bu as well. This yields the 
second statement. □ 

For any W >- V, let us identify any / 6 By with its image iwyf £ &w an d 
span the equivalence relation generated by these identifications. Thus / G By 
and g 6 Bu are equivalent if there is a common majorant W >- (U, V) such 
that iwyf = iw,u9 (then by injectivity this holds for any common majorant). 
The equivalence classes will be called germs. The space of germs is called the 
inductive limit of the Banach spaces By and is denoted by B = lim By. 

Every space By is naturally injected into the space of germs, and will be 
considered as a subset of the latter. Given a subset X C B, the intersection 
Xy = X nBy will be called a (Banach) slice of X. 



FEIGENBAUM-COULLET-TRESSER UNIVERSALITY 



413 



Let us supply B with the inductive limit topology. In this topology, a set 
X C B is claimed to be open if all its Banach slices Xy are open. The axioms 
of topology are obviously satisfied, and the linear operations are obviously 
continuous (note that the product topology onSxfi coincides with the natural 
inductive limit topology). Thus B is a topological vector space. Since points 
are obviously closed in this topology, B is Hausdorff (see [Ru]). The following 
lemma summarizes some useful general properties of the inductive limits. 

Lemma 11.4. 

(i) In the inductive limit topology, f n — ► / if and only if all the maps f n 
and f belong to the same Banach slice By and f n —*fin the intrinsic 
topology of By. Any cluster point f of a set K C B is a limit of a 
sequence {f n } C K. 

(ii) A set X C B is open if and only if it is sequentially open. 

(iii) If X is a metric space and 4> '■ (X,a) — > (B,g) is a continuous map then 
there is a neighborhood D 3 a and an element V G V such that 4>D C By. 

(iv) A set K, C B is compact if and only if it is sequentially compact. More- 
over, JC sits in some Banach space By such that the induced metric on 
K. is compatible with its topology. 

(v) A map 4> '■ B — > T to a topological space T is continuous if and only if 
every restriction 4>\By is continuous. The map <fi is continuous if and 
only if it is sequentially continuous. 

Proof, (i) Since the inclusions By — > B are continuous, any sequence 
{f n } C By converging to / in By converges to / in B as well. 

Let us assume that {/„} converges to / in B but does not sit in any 
Banach slice. Then we can select a subsequence which hits any Banach slice at 
most finitely many times and never hits / itself. By definition of the inductive 
limit topology, the complement of this sequence is a neighborhood of / - a 
contradiction. 

Similarly, if {f n } is not bounded in any Banach slice, then we can select 
a subsequence f n nA such that ||/ n (jfc)||t/j > i for i = 1, . . . , k, where {U^} is a 
countable base in V. This subsequence has a discrete intersection with any 
Banach space Bjj k (in the Banach topology), and hence B \ {f n (k)} is open - a 
contradiction. 

Thus the whole sequence {/ n } sits in some Banach space By and is 
bounded there. Hence it is compact in any B\j with U >- V. But any limit 
point g G Bjj of {f n } must coincide with /. Hence /„ — ► / in the Banach 
topology of Bjj. 
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If the latter statement concerning cluster points fails then / is not a cluster 
point for the slices JCy. Then we can construct a neighborhood U C B of / 
missing K. in the same way as above. 

(ii) Generally, any open set is sequentially open (which means that its 
complement is closed with respect to taking limits of converging sequences). 
Vice versa, if a set is sequentially open, then clearly its Banach slices are 
sequentially open. By definition, the set itself is open. 

(iii) Otherwise there would be a sequence x n — > a such that the maps 
f n = 4>{x n ) do not sit in a common space By despite the fact that f n — > g. 

(iv) Let us show that any compact set K, C B sits in some Banach slice. 
Otherwise there would be a sequence {/ n } C /C, no subsequence of which sits 
in a common Banach slice (since V has a countable base). But by the first 
point of this lemma, such a subsequence has no cluster points. Similarly one 
can see that K, is a bounded subset in some Banach slice By. 

Let W >- V. Then K, is compact in the topology of B\y- Since this 
topology is finer than the inductive limit topology, they must coincide on JC. 

Exactly the same argument can be applied to sequentially compact sets. 
Since compactness and sequential compactness are equivalent in metric spaces, 
the desired statement follows. 

(v) Take an open set X C T. By the definition of topology, the preimage 
(f)~ l X is open if and only if all its slices (<fi\By)~ l X are open. This implies the 
former statement, which yields the latter. □ 

The above metrics on compact sets defined in (iv) will be called Montel 
metrics distM- (We will not specify the Banach space By from which the metric 
is induced.) 

Remarks. 1. Any continuous curve 7 : (R, 0) — ► (B,g) locally sits in some 
space By. 

2. Given a continuous transformation R : (B,f) — > (T,g) between two 
spaces of germs over V and U respectively, for any V £ V there exist an e > 
and an element f/6D such that R(By(f,e)) C By. 

3. The third statement of the above lemma shows that B is not a Fresche 
space, i.e., it is not metrizable, and thus does not have a local countable base 
of neighborhoods. However, as we see, the sequential description of basic topo- 
logical properties (cluster points, compactness, continuity etc.) is adequate. 

4. Note that the Banach slices By are dense in the space of germs B. Thus 
their intrinsic topology is not induced from B. 

Let us define a sublimit of the directed family By , V G V, as the inductive 
limit of Banach spaces By corresponding to a directed subset U C V (which is 
not necessarily exhausting). 
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All linear operators A : B — > T between spaces of germs are assumed to be 
continuous. Let us supply this space with the following convergence structure. 
A sequence of linear operators A n : B — > T converges to an operator A if 
for any V G V and W, U € U, W >■ V, such that A(By) C T v , we have: 
A n (By) C %/v for all sufficiently big n and the restrictions A n : By — > By/ 
converge to A : By — > £V in the uniform operator topology. 

11.3. Main example: analytic germs. Let V be the directed set of topo- 
logical discs V 3 with piecewise smooth boundary, with U >~ V if U g V. 
Let By denote the affine Banach space of normalized analytic functions of the 
form f(z) = c + z 2 + ...onV^Y continuous up to the boundary supplied 
with sup-norm || • \\y. 

Remark. To make this example consistent with the previous discussion, 
one can make By linear by putting the origin into the map f(z) = z 2 . Or 
one can rather make the previous discussion in the category of affine Banach 
spaces. 

For U y V, define the injection ijjy : By — > Bjj by restricting the func- 
tions. Since polynomials are dense in Bjj, this inclusion has a dense image. 
Moreover, by Montel's Theorem, the balls of By are relatively compact in B\j. 
Thus this family of Banach spaces satisfies assumptions C1-C2 from subsec- 
tion 11.2, so that we can form the inductive limit B = \va\By. The elements 
of this space are analytic germs at 0. 

Let us say that two metrics p and d on the same space K, are Holder 
equivalent if there exist constants C > and 5 > such that 

C-V(*,y) 1/5 <d(x,y)<Cp(x,y) S . 

The following classical statement is a version of the Hadamard Three Circles 
Theorem. 

Lemma 11.5. Consider three domains V <s W <s U. Then the metrics 
|| • || v and || • 1 1 w induced on the unit Banach ball of By are Holder equivalent. 
Moreover, the Holder exponent goes to 1 as V — ► W in the Hausdorff metric. 

Proof. Take a holomorphic function / on U with \\f\\u < 1- Let ||/|| v = s. 
Let us consider a positive harmonic function h on the annulus U \ V with 
boundary values and 1 on its outer and inner boundaries respectively. Then 

(11.1) log|/|<Mog £ 

on the boundary of the annulus. Since log |/| is subharmonic, (11.1) also holds 
inside the annulus. Putting 5 = inf z£ g\y h(z) , we conclude that \ f\w < e" 5 = 
Wftv 
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Moreover, it is clear from the above formula for the exponent 5 that 5 is 
close to 1 if V is Hausdorff close to W. □ 

Thus the Montel metric distM on compact sets of germs is well defined up 
to Holder equivalence. In other words, compact subsets K, C B bear a natural 
Holder structure. 

11.4. Analytic maps. Let us consider an inductive limit B over V. By- 
definition, a function cj) : B — > C is complex analytic if all the restrictions 4>\By 
are complex analytic in the Banach sense. 

Let us consider a continuous map R : V — > B', where V is an open subset 
of B and B' is an inductive limit space over V'. It is called differentiable at a 
point / € B if there is a real linear operator A = DR(f) : B — > £>' such that 
any Banach restriction i?y : £>y — > with / 6 £>y is differentiable at /, and 
Dfl v (/) = 

As usual, a map i? : V — > 23' is called smooth if it is differentiable at every 
point / G V and the differential DR(f) is (sequentially) continuous in / (which 
amounts to the smoothness of all Banach restrictions). A map R : V — > £>' is 
called analytic if it is smooth, and the differentials T)R(f) are linear over C. 

11.5. Varieties. Let us have a family of Banach spaces By labeled by 
elements V of some set V, and open sets Uy C By. Let us have a set QQ 
and a family of injections jy : Uy — > Q£/. The images 5y = jyUy are called 
Banach slices in Q£/. The images j'yVy C Sy of open sets Vy C £/y are called 
Banach neighborhoods. We assume the following properties (compare with CI 
and C2): 

PI: countable base and compactness. There is a countable family of slices Si 
with the following property: For any / G QQ and any slice Sy 3 /, there 
exists a Banach neighborhood Vy C Sy compactly contained in some 

P2: analyticity. If some Banach neighborhood jyVy C Sy is also contained 
in another slice Su, then the transit map iuy = jy 1 ° jv ■ Vy —> Uy is 
analytic. 

P3: density. The differential Dijjy{f) of the above transit map has a dense 
image in Bjj. 

We endow QQ with the finest topology which makes all the injections jy 
continuous by declaring a set V C QQ open if and only if all its Banach slices 
jy^V are open. Lemma 11.4 should be modified a little in this more general 
situation: 

Lemma 11.6. In QQ, f n ~* f if an d on h if the sequence {f n } sits in a 
finite union of the Banach slices, and the corresponding subsequences converge 
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to f in the Banach metric. All other statements of Lemma 11.4 are valid in 
QQ as well with the modification that a single Banach slice in (iii) and (iv) 
should be replaced with a finite union of Banach slices. 

Proof. This is similar to the proof of Lemma 11.4. Let us just comment 
on the induced metric on a compact set /C C QQ. Such a set is covered with 
finitely many Banach balls Bi, i = 1,...,N, which bear the Banach distj. 
Let R > maxdiamBj, where the diameter is evaluated with respect to the 
corresponding metric. 

Given two points f,g G /C, we define dist(/,^) as follows. If there is a 
linking sequence / = fo, fi, ■ ■ ■ , f n = 9 such that fa and fa + i belong to the 
same Banach ball Bj^) then 

dist M (/, g) = inf dist j{k)(fk, fk+i), 

where the infimum is taken over all possible linking sequences (note that in this 
case dist(/, g) < RN). If no linking sequence exists then distM(/, g) = RN. □ 

Similar to the inductive limit case, the above metrics on compact subsets 
of QQ will be called Montel metrics. 

We say that a topological space QQ as above is a complex analytic variety 
modeled on a family of Banach spaces. A subset QQ& will be called a slice of 
QQ if it is a union of some family of Banach neighborhoods jyVy. It naturally 
inherits from QQ complex analytic structure. 

Let Y f = {V £ Y : f <E Sy}. Define the tangent cone to QQ at / as 
follows: 

TfQQ = [J Bv\~, 

where the equivalence relation ~ is generated by identifications h G By with 
T>ijjy(h) G Bu, U >- V. Note that it is generally not a linear space but it is 
the union of linear (Banach) slices TfSy « By. 

Let us call a point / G QQ regular if any two Banach neighborhoods 
U C Su and V C Sy around / are contained in a common slice Sw- At such 
a point the tangent cone TfQQ is a linear space identified with the inductive 
limit of the Banach spaces, 

T f QQ = lim TfSu. 

Tangent cones at regular points will be called tangent spaces. If all points of 
QQ are regular then it will be called a complex analytic manifold (modeled on 
a family of Banach spaces). 

A map R : QQ 1 — > QQ 2 is called analytic if it locally transfers any Banach 
slice Su to some slice Sy, and its Banach restriction jy 1 o R o j v is analytic. 
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An analytic map has a well-defined differential DR(f) : TjQQ 1 — > TjifQQ 2 
continuously depending on / whose Banach restrictions are linear. 

Let A4 be a complex analytic manifold modeled on a family of Banach 
spaces. An analytic map i : A4 — ► is called immersion if for any mfM 
the differential Di(m) is a linear homeomorphism onto its image. The image X 
of an injective immersion i is called an immersed submanifold. It is called an 
(embedded) submanifold if additionally i is a homeomorphism onto X supplied 
with the induced topology. For example, if there is an analytic projection 
vr : QQ — ► such that 7roi = id then X is a submanifold in M.. By definition, 
the dimension of X is equal to the dimension of M . 

If i : (M,m) — > C (QG,f) is an immersion, then the tangent 

space TjA' is defined as the image of the differential Dz(m). If the point / is 
regular then TfX is a linear subspace in TfQQ, so that we have a well-defined 
notion of the codimension of X at /. Moreover, if A4 is a Banach manifold (in 
particular, a finite-dimensional manifold) then X locally sits in a Banach slice 
of QQ. 

We say that a submanifold X C QQ is regular (of codimension d) if all its 
points f £ X are regular (and X has codimension d at all its points). 

As usual, two regular submanifolds X and y in QQ are called transverse 
at a point geXny if T g X © = TgQQ- 
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